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ON KILLED PROCESSES AND STOPPED FILTRATIONS

Peter M. Hooperl Hermann Thorisson?
Department of Statistics Department of Mathematics
and Applied Probability Chalmers University of Technology
The University of Alberta 41296 Goteborg
Edmonton, Canada, T6G 2G1 Sweden
ABSTRACT

This note considers three o-algebras that contain information about what
happens to a stochastic process prior to a random time 7. It is shown that the three
o-algebras coincide in a canonical setting but not in general.

1. INTRODUCTION
Let (€2, ) and (E, E) be measurable spaces and let Z;: 2 — E be

F/E-measurable for each s e R = the real line. Thus Z = (Zs)r is a process
defined on (42, ¥) with state space (E, ). [Our treatment here is measure-free so
we drop the qualifier "stochastic”.] Let ER be the product o-algebra on ER
generated by sets of the form E(=.)x C x E(*~), te R, C € E. The
process Z can equivalently be regarded as an %/ZR-measurable mapping from 2
to ER, w - (Z,(@)r. Fix §e E and define kZ, the process Z killed at
time ¢, by

Z if t
5@ if 5< , we .
& ifs2t

kZ () = {
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Let B be the Borel subsets of R, let T: £ — R be #/B-measurable and define
the process k7Z by

Z () if s<T(w)}, e o

krZ, () =
r25(0) {6 if s2T(w)

Define a filtration (F)r by
¥ = ofT, kZ} = (T, kZ) 1B@ER
and put
Foo = ofT,Z} = (T,Z) 18Q2R .
Here we are concemned with the following o-algebras:
ofT, k1Z} = (T, k1Z)" 1 BQER,

Fr< = (A€ Fo: AN{T<t}e F V¥V te R},

Tr= = Fo: AN{T=tle F; V 1€

J=—{A€Joc.ll|| Fi }

It is readily checked that all three coincide if T takes on countably many values.
We shall show that this eaualitv holds within a car

1all show that this equality holds within a canonical framework (Section 2) but

nonical applications (Section 3).

I

For more information on stopped fiitrations and killed processes, the reader
is referred to [1] and [2]. Note that the o-algebra F7< is usually denoted by 7.
We add "<" to distinguish between Fr< and Fr=. Also o{T, k1Z} equals the
o-algebra Fr_= o{A N (T >1},A € F,te R}; see Propositions 1 and 25
in [1]. Before turning to the canonical case, we establish the following result. The
first inclusion follows from Propositions 13 and 25 in [1] however for clarity a

self-contained proof is given here.

Proposition 1:  ofT, k1Z} € Fr< < Fr=.
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Proof: Put 1 = f(T.k7Z), where f:R x ER > R is BQER/B-measurable.
For each te R we have

Nlirsy = ATkrki))(1sy € F

and thus 77 is Fr</B-measurable. This proves the first inclusion.
If Ae Fr¢ then AN {T<s} e ¥ forall s <t Taking the union
over rational s<r vyields An {T<t} e ¥ . Thus

An(T=t} = [An{TL}IN[ANn {T<t}] € #,
and the second inclusion is established. O

2. THE CANONICAL CASE

Consider the following canonical framework. Let F be any subset of ER
which is closed under killing; i.e, ye F= kye F forall re R. Put

2 = RxF,
F ={ANnKR: Ae BQER} = BQ(YNF: Y e ER},
@ = (x,(ys)R) where xe R and (ygr€ F,

T(e) = x,

Zdw)y = ys.

An obvious example is F = ER in which case ¥ = BQER. Another standard
example is the following: if E is Polish, £ consists of the Borel subsets of E,
and F=D(R,E) is the set of right continuous functions with left-hand limits then
F=BQD where D isthe o-algebra on D(R,E) generated by the Skorohod

topology.

Proposition 2: In the canonical case we have ofT, k1Z} = Fr< = Fr=.
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Proof: By Proposition 1 it suffices to show that Fr= € o{T, krZ}. Let
17: 42 — R be an Fr-/B-measurable function and observe that (7, kZ) is
Q-valued since (T, 2Z)is £2-valued and F is closed under killing. This implies
that, for each re€ R, there is a function f,: £2 — R such that

nyr=q = flT, kiZ)
= 1T, k1)l (T =) -
Thus we have
n = fr(T.k12) . ey
Fix we £ and put
¢ = (T(w), krZ(w)) . )
We then have ¢ e Q2 and, by (1),
@) = fr)T(9), krZ(9)) . 3

Now T(¢) = T(w) and k7Z(¢) = krZ(w) so it follows from (2) and (3) with @

arbitrary that
T, krZ) = f1(T, k1Z) . “)
Now (1) and (4) yield

n = N, krZ) . %)

Fix B € 3. Since 1 is Fr=/B-measurable and since Fr= ¢ ¥ it follows

that 77 is ¥/B-measurable, so there exists A € BER such that
7 1B = A n Q. From (5) we obtain



21:22 7 January 2010

Downl oaded At:

ON KILLED PROCESSES AND STOPPED FILTRATIONS

{n € B}

= (n(TkrZ) € B}

{(T, k12)

{(T, kr2)

e 1B}

€ AN Q}

= (T, krZ) € A} € ofT, krZ},

393

where the final equality :s due to the fact that (T, k7Z) takes valuesin (2. Thus 7

is o{T, k7Z}/B-measurable implying that Fr= < ofT, k1Z}.

3. COUNTEREXAMPLES

J

The following examples show that the equalities o{T, k1Z} = Fr< and

Fr< = Fr= can fail in noncanonical applications.

Example 1. Let D be a nonmeasurable subset of (0, 1); ie.,, D < (0,1) and
De B0, 1). Define 2 = (0,2), E = (0,1}, £ = 8{0, 1},

£
1 tw
Z@) = {O otherwise,

T(w) = ﬂ

A

w

w-
N
Y

if @
1 fw

<s and we D,

e D,
-1e DN (0, 1),

~t ¥ -
otherwise,

and F = F» = o{T,Z}). Choose & =0 and observe that k7Z =0 since
T(w)<w forall e Q2. We thus have ofT,k7Z) = o(T} =T"18. If
D =T-1B forsome Be B then B (0, 1) =D, contradicting D ¢ B. Thus

D ¢ ofT, krZ}.

On the other hand we have D € %,

Dn{T<t)

{we 2

U

rational s <¢

we D and w<i}

{we 2:Z(w)=1} € 7,
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and

DA(r=g = ({T=0pif1eDl
g ifre D

implying that DN {T<r}e % andthus D€ Fr<.

Example 2. Again let D be a nonmeasurable subset of (0,1). Define
Q=[0,1], E = {0,1}, £ = B{0, 1},

1 if we D ands=1,
Z{w) = {O otherwise,

T(w) = @, and F = Fo = o{T,Z}. Note that D € Fo 50 Foo # B[0,1].
Choose 6 =0 and observe that

/1 if we D and 1=5<1t,

k,Zs(a)) = [O otherwise,

sO
7, = {43[0,1] if r<1,
F ift>1.
Thus
Fr< = (A€ Fuo: AN[0t]le B0,1] V <1} = B[0,1]
and

Jr= = {Ae Fu: AN {t}e B[0,1] V <1} = £,.
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