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LONG-RUN STRUCTURAL MODELLING

M. Hashem Pesaran1 and Yongcheol Shin2

1Trinity College, Cambridge, UK
2Department of Economics, University of Edinburgh,

Edinburgh, Scotland

ABSTRACT

The paper develops a general framework for identification, estimation, and

hypothesis testing in cointegrated systems when the cointegrating coefficients

are subject to (possibly) non-linear and cross-equation restrictions, obtained

from economic theory or other relevant a priori information. It provides a

proof of the consistency of the quasi maximum likelihood estimators (QMLE),

establishes the relative rates of convergence of the QMLE of the short-run and

the long-run parameters, and derives their asymptotic distributions; thus

generalizing the results already available in the literature for the linear case.

The paper also develops tests of the over-identifying (possibly) non-linear

restrictions on the cointegrating vectors. The estimation and hypothesis testing

procedures are applied to an Almost Ideal Demand System estimated on U.K.

quarterly observations. Unlike many other studies of consumer demand this

application does not treat relative prices and real per capita expenditures as

exogenously given.

Key Words: Cointegration; Identification; QMLE; Consistency; Asymptotic

distribution, testing non-linear restrictions; Almost Ideal Demand Systems

JEL Classifications: C1, C3, D1, E1.

1. INTRODUCTION

There are two main system approaches to the estimation of cointegrating

relations: Johansen’s (1988; 1991) fully parametric approach based on a vector

autoregressive error correction model, and Phillips’ (1991; 1995) semi-parametric
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procedure based on a triangular formulation of a vector error correction model. In

the general case where there are r cointegrating (or long-run) relations amongst the

mð> rÞ integrated (or I(1)) variables in the error correction model, the exact

identification of the long-run relations requires the imposition of r linearly

independent a priori restrictions on each of the r cointegrating relations.

Johansen’s solution to the identification problem, often referred to as the

‘‘empirical’’ or ‘‘statistical’’ approach, is implicit in the choice of the numerical

solution to the reduced rank regression problem. In contrast, the scheme employed

by Phillips is based on an a priori decomposition of the I(1) variables, xt, into an

r � 1 vector, x1t, and an ðm� rÞ � 1 vector, x2t, such that x2t are not cointegrated

amongst themselves, namely it is assumed that the variables x2t are the common

stochastic trends.1 Both of these approaches are based on restrictive assumptions

and cannot accommodate the diversity of long-run relations encountered in

practice.2 They seem to have been adopted for their mathematical convenience

rather than their plausibility from perspective of a priori theory. A more general

approach is desirable.

In this paper we consider the problem of identification, estimation, and

hypothesis testing in cointegrated systems subject to general non-linear restrictions

on the cointegrating vectors. We explicitly deal with the long-run identification

problem and derive rank and order conditions for identification of the cointegrating

vectors, allowing for parametric restrictions across the cointegrating relations as

well as for restrictions on individual cointegrating vectors. Our approach empha-

sizes the use of economic theory and does not require the a priori decomposition

of the system variables as in Phillips (1991). Nor does it involve the type of

empirical identification implicit in Johansen’s (1988; 1991) reduced rank regres-

sion approach to estimation of the long-run relations.

It is often taken for granted that the quasi maximum likelihood estimators

(QMLE) in a cointegrated vector autoregressive (VAR) model are consistent, but

to our knowledge no general proof of the consistency of QMLE of the cointegrat-

ing vectors is available in the literature.3 The difficulty lies in the fact that the

average log-likelihood function does not have a finite limit when the underlying

variables are trended, and standard proofs of consistency and asymptotic normality

of the QMLE are therefore not applicable. This problem has been addressed in

Saikkonen (1995) in the context of a relatively simple model, where he provides a

proof of the consistency of the QMLE of the long-run parameters conditional on

the true values of the short-run parameters and vice versa, and establishes the

1Alternatively, such variables can be viewed as long-run forcing with respect to x1t , to use the

terminology in Pesaran et al. (2000).
2On this see also Pesaran (1997), and Garratt et al. (2001).
3A proof of the consistency of the least squares estimator of an exactly identified cointegrating vector

is given by Stock (1987).
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asymptotic normality of the QMLE. Building on Saikkonen’s (1993b; 1995) work,

this paper provides a formal proof of the consistency and super-consistency of the

QMLE of short-run and long-run parameters, respectively, allowing for general

non-linear restrictions on the cointegrating coefficients. It further establishes

stochastic equicontinuity conditions for the weak convergence of the sample

information matrix and derives the asymptotic distribution of the QMLE. Finally,

it establishes the validity of the standard w2 tests for testing general non-linear

over-identifying restrictions on the cointegrating vectors.

The estimation and testing procedures are then applied to an Almost Ideal

Demand System estimated for three non-durable expenditure categories using UK

quarterly observations over the period 1955(1)–1993(2). The application provides

an example where economic theory predicts cross-equation restrictions on the

long-run relations.

The plan of the paper is as follows. Section 2 sets out the vector error

correction model, distinguishes between the identification of the short-run and

long-run coefficients, and derives rank and order conditions for identification of

the long-run parameters. Section 3 introduces the quasi log-likelihood function

and briefly reviews the approaches of Johansen and Phillips to the identification

problem. Section 4 provides the asymptotic theory of the QMLE under general

non-linear restrictions on the cointegrating vectors. The proof of consistency of the

QMLE and their relative rates of convergence are established in sub-section 4.1.

Sub-section 4.2 derives the asymptotic distribution of the QMLE. Section 5 gives

the asymptotic theory relevant to testing the over-identifying restrictions on

cointegrating vectors. Section 6 presents the empirical application, and Section 7

offers some concluding remarks. Some of the mathematical derivations and proofs

are provided in the Appendix.

The following notation will be used throughout: The symbol ) signifies

weak convergence in probability measure, �
a

asymptotic equality in distributions,

MN mixture normal, I ðdÞ an integrated variable of order d, Trð�Þ the trace of a

matrix, vecð�Þ columns of a matrix stacked into a column vector, vechð�Þ elements

on and below the main diagonal of a symmetric matrix stacked into a column

vector, Im an identity matrix of order m, diag½�	 a diagonal matrix, and

kAk ¼ ½TrðAA0Þ	
1=2 the Euclidean norm of A.

2. THE MODEL AND THE TWO IDENTIFICATION PROBLEMS

Consider the following VAR( p) model in an m� 1 vector of I (1)

variables, xt:

A0xt ¼ b0 þ b1t þ A1xt�1 þ � � � þ Apxt�p þ ft; t ¼ 1; 2; . . .T ; ð2:1Þ

where p, the order of the VAR, is assumed known, b0 and b1 are m� 1 vectors of

unknown coefficients, Ai, i ¼ 0; 1; . . . ; p, are m� m matrices of unknown

parameters, A0 is non-singular, ft is an m� 1 vector of (structural) disturbances,
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and the initial values, x0; x�1; . . . ; x�pþ1, are assumed to be given. For cointegra-

tion analysis it is convenient to rewrite Equation (2.1) as

A0Dxt ¼ b0 þ b1t � Að1Þxt�1 þ
Xp�1

i¼1

CiDxt�i þ ft; t ¼ 1; 2; . . . T ; ð2:2Þ

where Ci ¼ �
Pp

j¼iþ1 Aj, and Að1Þ ¼ A0 �
Pp

i¼1 Ai. The equilibrium properties

of (2.2) are characterized by the rank Að1Þ. If Að1Þ is of rank rð0 < r < mÞ, then

Að1Þ can be expressed as

Að1Þ ¼ a�b
0;

where a� and b are m� r matrices of full column rank, and b0xt gives the r linear

combinations of xt that are cointegrated.

The two forms of the model given by (2.1) and (2.2) highlight the two types

of identification problem that are present in structural modelling with I ð1Þ

variables. The first is the traditional identification problem and involves the

identification of the contemporaneous coefficients, A0, and the short-run dynamic

coefficients, A1 . . . ;Ap. The second concerns the identification of the long-run

coefficients, b, which arises only when the xt’s are I ð1Þ. As the above derivations

make clear, the identification of the coefficients in Aj, j ¼ 0; 1; . . . ; p, does not

provide information on those of b, and knowledge of b does not necessarily

provide information with which to identify the short-run dynamics. For example,

without a priori restrictions the cointegrating vectors of the model are only

identified up to a non-singular linear transformation, since for any non-singular

r � r matrix, Q, �aa� ¼ a�Q
0�1 and �bb ¼ bQ give the same value of Að1Þ, and

therefore ð �aa�; �bbÞ and ða�; bÞ cannot be distinguished using data alone.

The focus of this paper is on long-run structural modelling. It considers the

problem of identification and estimation of the long-run coefficients, b, and

assumes that the short-run coefficients, A0;A1; . . . ;Ap, as well as the structural

loading coefficients, a�, are unrestricted.4 Consequently, we pre-multiply (2.2) by

A�1
0 , and work with the autoregressive vector error correction (VEC) model,

Dxt ¼ a0 þ a1t �Pxt�1 þ
Xp�1

i¼1

GiDxt�i þ et; t ¼ 1; 2; . . .T ; ð2:3Þ

where

a0 ¼ A�1
0 b0; a1 ¼ A�1

0 b1;Gi ¼ A�1
0 Ci;P ¼ A�1

0 Að1Þ and et ¼ A�1
0 ft:

Notice that

P ¼ ab0; ð2:4Þ

where a ¼ A�1
0 a�.

4Identification of the structural parameters can also be achieved by decomposing the variables into

endogenous and exogenous and=or by restricting the loading coefficients and the covariance matrix

of the structural errors, ft . See, for example, Pesaran and Smith (1998) and Wickens and Motto

(2001).
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We develop a general maximum likelihood (ML) theory for the analysis of

cointegrated systems subject to non-linear restrictions on the cointegrating

coefficients in the context of the following VAR version of the model (2.3):

FðLÞxt ¼ a0 þ Fð1Þc t þ et; t ¼ 1; 2; . . . ;T ; ð2:5Þ

where FðLÞ ¼ Im �
Pp

i¼1 FiL
i, Fi ¼ A�1

0 Ai, i ¼ 1; 2; . . . ; p, c is an m� 1 vector

of unknown coefficients and the trend coefficients, a1 ¼ Fð1Þ c, are appropriately

restricted so that the deterministic component of xt is linearly trended for all values

of r.5

To ensure that xt are at most I ð1Þ and to rule out the possibility of explosive

or seasonal unit roots we assume:

Assumption 2.1

All the roots of the characteristic equation, jIm � F1z� � � � � Fpzpj ¼ 0, are

either on or outside the unit circle.

Assumption 2.2

a0?Gð1Þb? has full rank, where Gð1Þ ¼ Im �
Pp�1

i¼1 Gi, and a? and b? are

m� ðm� rÞ matrices of full column rank such that a0a? ¼ 0 and b0b? ¼ 0.

Under the above assumptions we have6

Dxt ¼ mþ CðLÞet; t ¼ 1; 2; . . . ; T ; ð2:6Þ

where m ¼ Cð1Þa0 þ c,

CðLÞ ¼
X1
i¼0

CiL
i ¼ Cð1Þ þ ð1� LÞC�

ðLÞ; C0 ¼ Im; ð2:7Þ

C�
ðLÞ ¼

X1
i¼0

C�
i Li; ð2:8Þ

and7

Cð1ÞFð1Þ ¼ Cð1ÞP ¼ 0; C�
ð1ÞP ¼ Im: ð2:9Þ

Solving for xt, we now have

xt ¼ x0 þ mt þ Cð1Þst þ C�
ðLÞet; t ¼ 1; 2; . . . ; T ; ð2:10Þ

where st ¼
Pt

j¼1 ej. The condition for cointegration is given by8

C0
ð1Þb ¼ 0: ð2:11Þ

5If a1 is left unrestricted, as shown in Pesaran et al. (2000), the mean of the process fxtg
1
t¼1 will be a

function of m� r independent quadratic trend terms, with xt having different deterministic trending

behavior for different values of the cointegrating rank r.
6See Johansen (1991; Theorem 4.1, p. 1559).
7C�

i satisfy the recursions, C�
i ¼ C�

i�1F1 þ C�
i�2F2 þ � � � þ C�

i�pFp, for i ¼ 1; 2; . . ., with

C�
0 ¼ Im � Cð1Þ and C�

i ¼ 0; i < 0. Summing these relations across i ¼ 0; 1; 2; . . ., it follows that

C�ð1ÞP ¼ Im.
8See Engle and Granger (1987).
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Finally, pre-multiplying (2.10) by b0 we have

b0xt ¼ b0x0 þ ðb
0cÞt þ

X1
i¼0

b0Biet�i; ð2:12Þ

where Bi ¼
Pi

j¼0 Cj. It is clear that the cointegrating relations b0xt will contain r

different deterministic trends, characterized by the r � 1 vector, b0c.

2.1 Identification of the Long Run Parameters: Rank and Order Conditions

When P is of full rank m, then P and the other parameters of (2.3) are

identified under fairly general conditions, and can be consistently estimated by

OLS. See, for example, Lütkepohl (1991). However, if the rank of P is r < m,

then P is subject to ðm� rÞ
2 non-linear restrictions, and therefore determined

uniquely in terms of the m2 � ðm� rÞ
2
¼ 2mr � r2 underlying unknown para-

meters.

We shall assume that a is unrestricted and has full column rank and

concentrate on the case where the identifying restrictions are imposed only on

b. We suppose that an mr � 1 vector h ¼ vecðbÞ satisfies the non-linear restric-

tions,

h ¼ fðfÞ; ð2:13Þ

where f is an s� 1 vector of unknown parameters. In particular we assume:

Assumption 2.3

k ¼ vecða0Þ 2 Uk and f 2 Uf where Uk and Uf are compact subjects of Rmr

and R
s, respectively, with their true values, k0 and f0, being interior points of Uk

and Uf. a has the full column rank r for all k 2 Uk, and the mapping f, defined by

(2.13), is continuously differentiable such that an mr � s matrix

FðfÞ ¼ qfðfÞ=qf0, has the full column rank s for all f 2 Uf.

A necessary and sufficient condition for identification of the long-run

coefficients can be derived using (2.11). Denoting the true value of Cð1Þ by

C0ð1Þ, it must be the case that

C0
0ð1ÞbðfÞ ¼ 0 if and only if f ¼ f0: ð2:14Þ

Vectorizing the left hand side of (2.14), and using the mean-value expansion of

h ¼ fðfÞ around f0, we have

vec½C0
0ð1ÞbðfÞ	 ¼ ½Ir � C0

0ð1Þ	fðfÞ ¼ ½Ir � C0
0ð1Þ	Fð

�ffÞðf� f0Þ; ð2:15Þ

where the ði; jÞ element of Fð �ffÞ is evaluated at ð �ffi;
�ffjÞ, and �ffi is a convex

combination of f0i and fi. For (2.14) to hold, an mr � s matrix ½Ir � C0
0ð1Þ	FðfÞ
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must have full column rank for all f 2 Uf, namely the following rank condition

must be satisfied

Rank f½Ir � C0
0ð1Þ	FðfÞg ¼ s for all f 2 Uf; ð2:16Þ

where s � mr � r2.

The above identification condition is difficult to use in practice, but is needed

in our proof of the consistency of the QMLE. (See Section 4.1 below.) Theory

restrictions on the cointegrating vectors, h ¼ vecðbÞ, often take the form of direct

zero-one type restrictions on the elements of h rather than indirectly through fðfÞ.9

It is therefore useful to consider the problem of identification and testing of over-

identifying restrictions when h is subject to the following k general non-linear

restrictions:

hðhÞ ¼ 0; ð2:17Þ

where h 2 Y;Y � R
mr;hðhÞ ¼ ðh1ðhÞ; h2ðhÞ; . . . ; hkðhÞÞ

0, and hiðhÞ, i ¼ 1; 2; . . . ;
k, is a known continuously differentiable scalar function of h. Let h0 ¼ fðf0Þ be

the true value of h, and assume that HðhÞ ¼ qhðhÞ=qh0 has the full rank kð � mrÞ

for all h 2 Uy, where Uy ¼ Y \ fhðhÞ ¼ 0g. (See also Assumption 5.2 below.)

The analysis of identification of the cointegrating vectors can now be

approached noting that P0 ¼ a0b
0
0 ¼ a0Q0�1Q0b00 ¼ ab0, where Q is any arbi-

trary r � r non-singular matrix. Vectorizing b ¼ b0Q we obtain

h ¼ ðIr � b0ÞvecðQÞ: ð2:18Þ

Consider now the mean value expansion of hðhÞ around h0,

hðhÞ ¼ hðh0Þ þHð �hhÞðh � h0Þ; ð2:19Þ

where the ði; jÞ element of Hð �hhÞ is evaluated at ð�yyi;
�yyjÞ, and �yyi is a convex

combination of y0i and yi. Under (2.17) we have

Hð �hhÞh ¼ bð �hh; h0Þ; ð2:20Þ

where bð �hh; h0Þ ¼ Hð �hhÞh0 � hðh0Þ 6¼ 0. Substituting for h from (2.18) in (2.20)

yields

Hð �hhÞðIr � b0ÞvecðQÞ ¼ bð �hh; h0Þ; ð2:21Þ

and a unique solution exists for vecðQÞ if and only if

Rank fHðhÞðIr � b0Þg ¼ r2; for all h 2 Uy: ð2:22Þ

This condition can be viewed as the dual of the rank condition (2.16).

A necessary condition for (2.22) to hold is given by the order condition,

k � r2. Since sþ k ¼ mr, this order condition is equivalent to the order condition

implied by (2.16). It is important, however, to note that for the rank condition to be

9See, for example, the theory restrictions on the five long-run relations in Garratt et al. (2001).
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satisfied the r2 exact identifying restrictions must be distributed across the r

different cointegrating vectrors such that there are r restrictions per each of the r

cointegrating vectors.

3. THE QUASI MAXIMUM LIKELIHOOD ESTIMATORS

Writing the VEC model, (2.3), in matrix notation, we have the following

system of regression equation:

DX ¼ ZAþ YG� X�1P
0
þ E; ð3:1Þ

where X ¼ ðx1; x2; . . . ; xT Þ
0, s ¼ ð1; 1; . . . ; 1Þ0, t ¼ ð1; 2; . . . ;T Þ

0, Z ¼ ðs; tÞ,

Y ¼ ðDX�1;DX�2; . . . ;DX�pþ1Þ, E ¼ ðe1; e2; . . . ; eT Þ
0, A ¼ ða0; a1Þ

0, and

G ¼ ðG1;G2; . . . ;Gp�1Þ
0 are 2� m and mðp� 1Þ � m matrices of unknown

coefficients, respectively. Conditional on the initial values, x�pþ1; . . . ; x0, and

proceeding as if the disturbances were normally distributed the quasi log-like-

lihood function associated with (3.1) is given by

‘T ða; uÞa�
T

2
ln jOj �

1

2
Tr
h
O�1 DX� ZA� YGþ X�1P

0
ð Þ

0

� DX� ZA� YGþ X�1P
0

ð Þ

i
; ð3:2Þ

where a ¼ vecðAÞ, u ¼ ðg0; k0;f0;o0Þ
0, with c ¼ vecðGÞ, j ¼ vecða0Þ, and

x ¼ vechðOÞ. The computation of the quasi maximum likelihood estimators

(QMLE) is complicated due to the rank deficiency of II. To deal with problem

Johansen (1988; 1991) uses the reduced rank regression method originally

developed by Anderson (1951). He first concentrates out all the known parameters

except for b to obtain the following concentrated log-likelihood function

‘T ðbÞ / �
T

2
ln jÔOðbÞj; ð3:3Þ

where

jÔOðbÞj ¼
jS00jjb

0ATbj

jb0BTbj
; ð3:4Þ

AT ¼ S11 � S10S�1
00 S01; BT ¼ S11; ð3:5Þ

Sij ¼ T�1
XT

t¼1

ritr
0
jt; i; j ¼ 0; 1; ð3:6Þ

and r0t and r1t are the residual vectors from the regressions of

Dxt and xt�1 on ð1; t;Dxt�1; . . . ;Dxt�pþ1Þ;
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respectively.10 Substituting (3.4) in (3.3) we have

‘T ðbÞa�
T

2
lnfjb0ATb

0
� ln jb0BTbjg: ð3:7Þ

It is now easily seen that unconstrained maximization of ‘T ðbÞ will not lead

to a unique estimator of b. For any QMLE of b, say b̂bA; b̂bB ¼ b̂bAQ will also give

the same value for the maximized log-likelihood function, where Q is any arbitrary

non-singular r � r matrix. More formally, independently of the observation

matrices, AT and BT, we have ‘T ðb̂bAÞ ¼ ‘T ðb̂bBÞ.

3.1 Johansen’s Empirical Identification Scheme

The just-identifying restrictions utilized in Johansen’s estimation procedure

involve observation matrices, AT and BT, and are often referred to as ‘‘empirical’’

or ‘‘statistical’’ identifying restrictions, as compared to a priori restrictions on b

specified, for example, by (2.13) which are independent of particular sample values

of AT and BT . The r2 exact identifying restrictions employed by Johansen are

implicit in the eigenvector problem associated with Anderson’s solution to the

reduced rank regression problem. Johansen’s exactly identified estimator of b,

which we denote by b̂bJ, are obtained as the first r eigenvectors of BT � AT with

respect to BT , subject to the following ‘‘(ortho-)normalization’’ and ‘‘orthogona-

lization’’ restrictions:

b̂b0J BT b̂bJ ¼ Ir; ð3:8Þ

b̂b0JiðBT � AT Þb̂bJj ¼ 0; i 6¼ j; i; j ¼ 1; 2; . . . ; r; ð3:9Þ

where b̂bJi represents an ith column of b̂bJ . The conditions (3.8) and (3.9) together

exactly impose the r2 just-identifying restrictions on b, with (3.8) supplying

rðr þ 1Þ=2 restrictions and (3.9) further rðr � 1Þ=2 restrictions. See Anderson

(1984, Appendix A. 2). It is clear that the above r2 restrictions are adopted for their

mathematical convenience and not because they are inherently of interest in

econometric applications.

10In general, the computation of AT and BT depends on the intercept-trend specifications used in the

VEC model. There are five different cases: Case (1) No intercepts and no trends. Case (2) Restricted

intercepts and no trends. Case (3) Unrestricted intercepts and no trends. Case (4) Unrestricted

intercepts and restricted trends. Case (5) Unrestricted intercepts and unrestricted trends. For details

see Pesaran et al. (2000). For example, in the case of model (2.3), where the trend coefficients are

restricted, r0t should be computed as residuals from the regression of Dxt on ð1;Dxt�1; . . . ;Dxt�pþ1Þ,

and r1t as the residuals from the regression of ðt; x0t�1Þ
0 on ð1;Dxt�1; . . . ;Dxt�pþ1Þ. In the case of the

empirical application provided in Section 6, Case 2 is relevant and r0t should be computed as

residuals from the regression of Dxt on ðDxt�1; . . . ;Dxt�pþ1Þ, and r1t as the residuals from the

regression of ð1; x0t�1Þ
0 on ðDxt�1; . . . ;Dxt�pþ1Þ.
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3.2 Phillip’s Identification Procedure

The identification scheme employed by Phillips (1991; 1995) is based on an

a priori decomposition of xt into an r � 1 vector x1t, and an ðm� rÞ � 1 vector

x2t, such that x2t are not cointegrated among themselves. Under this decomposi-

tion the number of the cointegrating relations, r, is a priori known.11 In the context

of the VEC model (2.3) this decomposition implies the following restrictions on P

P ¼

P11 P12

r � r r � m� r

0 0

m� r � r m� r � m� r

0
BB@

1
CCA ¼ ab0;

where P11 is a non-singular matrix,

a ¼
P11

0

� �
; b ¼

Ir

P

� �
;

and P ¼ ðP�1
11 P12Þ

0. Under Phillip’s identification scheme the r2 exactly identify-

ing restrictions are placed on the first r rows of b, by setting the coefficients of x1t

in long-run relations, b0xt�1, equal to an identity matrix. Notice also that the

scheme imposes further ðm� rÞ � r restrictions on the loading coefficient matrix,

a. The latter restrictions are not necessary for identification of the long-run

relations and stem from the subsidiary assumption that x2t are not cointegrated

among themselves.

Phillips’ procedure differs from Johansen’s in two respects. First, Johansen

requires a fully-specified dynamic model, while Phillips does not.12 Second, more

importantly from the perspective of this paper, Johansen employs ‘‘empirical’’

identification restrictions, while Phillips relies on the triangular characterization to

achieve the r2 just-identifying restrictions needed for a unique estimation of the

cointegrating vectors. Though the identification restrictions used by Phillips do not

involve sample observations, it is based on a secondary set of restrictions on a that

are not needed for indentification of the long-run relations and in general need not

hold in practice.

More recently, Johansen (1995) has developed an eigenvalue routine for

testing linear homogeneous restrictions imposed on one cointegrating vector at a

time, implicitly assuming that the unrestricted part of the cointegrating space is

exactly-identified. But he does not allow for non-linear restrictions or restrictions

across different cointegrating vectors. Using Phillips’ triangular framework,

Saikkonen (1993a) has considered estimation of cointegrating vectors subject to

linear restrictions, and develops tests of the validity of the restrictions. His

procedure, however, requires a priori decomposition of m integrated variables in

11A similar set-up is also considered more recently by Wickens and Motto (2001).
12However, Johansen’s approach allows one to test for the number of cointegrating relations while in

Phillips’ framework the number of cointegrating relations are assumed as given.
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the system into r and m� r subsets, such that the variables in the latter are not

cointegrated, as in Phillips.

4. ASYMPTOTIC THEORY FOR QMLE UNDER GENERAL

NON-LINEAR RESTRICTIONS

4.1 Consistency of the QMLE

In the literature it is taken for granted that the QMLE of a cointegrated VAR

model are consistent. But to our knowledge no general proof of the consistency of

the QMLE of the cointegrating vectors is available in the literature.13 Here we

provide such a proof which is valid under relatively general assumptions about the

distribution of the error process and irrespective of the trending or cointegrating

properties of xt.
14 Due to the unit-root and cointegrating properties of the model the

consistency proof involves two stages. In the first stage we establish that the QMLE

of the long-run coefficients, bðfÞ, are consistent. Based on this result we shall then

proceed to prove the super-consistency of the long-run coefficients and the

consistency of the short-run coefficients. To simplify the exposition we shall abstract

from the analysis of the deterministic coefficients, a0 and a1, and work with a

likelihood function that concentrate out these parameters. Using (3.2) we have:

‘T ðuÞ /
�T

2
ln jOj �

1

2
Tr½O�1

ðDX� YGþ X�1P
0
Þ
0MðDX� YGþ X�1P

0
Þ	;

ð4:1Þ

where M ¼ IT � ZðZ0ZÞ�1Z0.

We now provide a proof of the consistency of the QMLE of u under the

following assumptions:

Assumption 4.1

The m� 1 vector of errors, et, is such that

(a) EðetjFt�1Þ ¼ 0 and VarðetjFt�1Þ ¼ O, where Ft�1 ¼ ðxt�1; xt�2; xt�3; . . .Þ
is a non-decreasing information set, and O is a positive definite

symmetric matrix;

(b) supt Eðketk
jÞ <1 for some j > 2.15

13As note in the introduction, the difficulty lies in the fact that the average log-likelihood function

does not have a finite limit when xt is trended, and hence the usual proof of the consistency of the

QMLE along the lines set out, for example, in Davidson and MacKinnon (1993, Section 8.4) will not

be applicable.
14This approach can be readily applied to the analysis of models with more complicated trends, or to

cases where the nature of the trend depends on the values of one or more unknown parameters of the

model.
15For a discussion of this assumption in the VEC models see, for example, Pesaran et al. (2000).
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Assumption 4.2

u 2 Uj, where Uj ¼ Ug � Uk � Uf � Uo is a compact subset of Rhj with

hj ¼ m2ð p� 1Þ þ mr þ sþ 1
2

mðmþ 1Þ. The true value of u, denoted by

u0 ¼ ðc00; j
0
0;f

0
0;x

0
0Þ
0, is an interior point of Uj.

Partition u ¼ ðf0; q0Þ0 into the long-run parameters, f, and the short-run

parameters, q ¼ ðg0;k0;o0Þ
0. Let ĵj be the QMLE of u. As noted by Saikkonen

(1993b; 1995), proving the consistency of ûu is complicated in models with unit

roots due to the fact that the QMLE of the short-run parameters, q̂q ¼ ðĉc0; ĵj0; x̂x0Þ
0,

and those of the long-run parameters, f̂f, converge to their true values at different

rates. In the context of a relatively simple model, Saikkonen (1995, Section 5.3)

provides a proof of consistency of the QMLE of the long-run parameters

conditional on the true values of the short-run parameters and vice versa.

In this sub-section we consider the convergence properties of

T�1½‘T ðu0Þ � ‘T ðuÞ	

and show that

q̂q� q0 ¼ opð1Þ; and f̂f� f0 ¼ opðT
�1=2Þ: ð4:2Þ

Using (4.1), it is easily seen that

T�1½‘T ðu0Þ � ‘T ðuÞ	 ¼
1

2
ðAT þ BT Þ; ð4:3Þ

where

AT ¼ � ln jO�1O0j � Tr½ðO�1
0 � O�1

ÞT�1E0ME	; ð4:4Þ

and

BT ¼ TrfO�1
½T�1ðDX� YGþ X�1P

0
Þ
0MðDX� YGþ X�1P

0
Þ

� T�1E0ME	g:
ð4:5Þ

But under the data generating process DX ¼ ZA0 þ YG0 � X�1P
0
0 þ E, and

noting that MZ ¼ 0 we have

BT ¼ T�1TrfO�1
½YðG0 � GÞ�X�1ðP0�PÞ0 þ E	0M½YðG0 � GÞ

� X�1ðP0 �PÞ0 þ E	g � Tr½O�1
ðT�1E0MEÞ	 ð4:6Þ

Also

P�P0 ¼ ab0 � a0b
0
0 ¼ ða� a0Þb

0
0 þ aðb � b0Þ

0;

where for notational convenience we are denoting bðfÞ and bðf0Þ by b and b0,

respectively. Using this result in (4.6) and noting that TrðABCDÞ ¼

ðvecDÞ0ðA� C0
ÞvecB0,16 then after some algebra we obtain:

16See, for example, Magnus and Neudecker (1988, p. 31).
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BT ¼ ðg� g0Þ
0 O�1

�
Y0MY

T

� �
ðg� g0Þ

þ ðj � j0Þ
0 O�1

�
b00X0

�1MX�1b0

T

� �
ðj � j0Þ

þ ðh � h0Þ
0 a0O�1a�

X0
�1MX�1

T

� �
ðh � h0Þ

� 2ðg� g0Þ
0 O�1

�
Y0MX�1b0

T

� �
ðj � j0Þ

� 2ðg� g0Þ
0 O�1a�

Y0MX�1

T

� �
ðh � h0Þ

þ 2ðj � j0Þ
0 O�1a�

b00X0
�1MX�1

T

� �
ðh � h0Þ

� 2ðg� g0Þ
0 O�1

�
Y0ME

T

� �
vecðImÞ

þ 2ðj � j0Þ
0 O�1

�
b00X0

�1ME

T

� �
vecðImÞ

þ 2ðh � h0Þ
0 a0O�1

�
X0
�1ME

T


 �
vecðImÞ: ð4:7Þ

Define the open balls,

Bðg0; dgÞ ¼ fg 2 Ug : kg� g0k < dgg;

Bðk0; dkÞ ¼ fk 2 Uk : kk� k0k < dkg;

Bðf0; dfÞ ¼ ff 2 Uf : kf� f0k < dfg;

Bðo0; doÞ ¼ fo 2 Uo : ko� o0k < dog;

and their complements

Bðg0; dgÞ ¼ fg 2 Ug : kg� g0k � dgg;

Bðk0; dkÞ ¼ fk 2 Uk : kk� k0k � dkg;

Bðf0; dfÞ ¼ ff 2 Uf : kf� f0k � dfg;

Bðo0; doÞ ¼ fo 2 Uo : ko� o0k � dog;

To prove the consistency of the QMLE of the long-run parameters f (namely f̂f), it

is sufficient to show that for all values of q 2 Ur ¼ Ug � Uk � Uo and for every

df > 0,17

lim
T!1

Pr inf
j2Bðf0;dfÞ�Ur

T�1½‘T ðu0Þ � ‘T ðuÞ	 > 0

( )
¼ 1: ð4:8Þ

17The sufficiency of (4.8) for consistency of the extremum estimators such as QMLE is established

for example by Wu (1981). See also Saikkonen (1995, p. 903).
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Using (A.4), (A.8), (A.9) and (A.10) in Appendix A.2, and under Assumption 4.2,

it is easily seen that except for the third term in (4.7), all other terms of

T�1½‘T ðu0Þ � ‘T ðuÞ	 are at most Opð1Þ. Therefore,

2T�1½‘T ðu0Þ � ‘T ðuÞ	 ¼ T ðh � h0Þ
0 a0O�1a� C0ð1Þ

S0�1MS�1

T2
C0ð1Þ

0


 �
� ðh � h0Þ þ Opð1Þ; ð4:9Þ

where S�1 ¼ ðs0; s1; . . . ; sT�1Þ
0; st ¼ st�1 þ et; t ¼ 1; 2; . . ., with s0 ¼ 0. Hence

upon using (2.15),

2T�1½‘T ðu0Þ � ‘T ðuÞ	 ¼ T ðf� f0Þ
0QT ;ffðf� f0Þ þ Opð1Þ;

where

QT ;ff ¼ f½Ir � C0ð1Þ
0Fð �ffÞg0	 a0O�1a�

S0�1MS�1

T2

� �
f½Ir � C0ð1Þ

0
	Fð �ffÞg;

ð4:10Þ

and the (i, j) element of Fð �ffÞ is evaluated at ð �ffi;
�ffjÞ, and �ffi is a convex

combination of f0i and fi. By the rank condition (2.16), ½Ir � C0ð1Þ
0
	Fð �ffÞ has

the full column rank sð� mr � r2Þ, and T�2S0�1MS�1 weakly converges to the

positive definite (with probability 1) matrix QSS defined by (A.6) in the appendix,

and by assumption a0O�1a is an r � r positive definite matrix for all values of k
and o in Ur. Hence, QT ;ff also weakly converges (with probability 1) to the

positive definite matrix Qff defined by

Qff ¼ f½Ir � C0ð1Þ
0
	Fð �ffÞg0fa0O�1a�QSSgf½Ir � C0ð1Þ

0
	Fð �ffÞg: ð4:11Þ

Therefore,

inf
j2Bðf0;dfÞ�Ur

T�1½‘T ðu0Þ � ‘T ðuÞ	 � Td2
flminðQT ;ffÞ þ Opð1Þ; ð4:12Þ

where lmin(A) denotes the minimum eigenvalue of matrix A. As T !1,

lminðQT ;ffÞ weakly converges to lminðQffÞ > 0, and the right hand side of

(4.12) will increase without bounds with probability 1. This first establishes

the consistency of f̂f, i.e., f̂f� f0 ¼ opð1Þ and also shows that the presence

of stationary regressors does not affect the consistency of the long-run

parameters.

Next, we prove both the super-consistency of f̂f, and the consistency of r̂r,

simultaneously. Since the consistency of f̂f has already been established, we
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now focus on values of f that are sufficiently close to f0. Formally we

define18

f ¼ f0 þ T�1=2d; ð4:13Þ

where we take d to be an s� 1 vector of fixed constants defined on a compact

set.19 Also following Saikkonen (1995) we define the open shrinking ball

NT ðf0; ddÞ ¼ ff 2 Uf : T1=2kf� f0k < ddg;

and its complement

NT ðf0; ddÞ ¼ ff 2 Uf : T1=2kf� f0k � ddg;

and note that on NT ðh0; ddÞ we also have kdk � dd . Let

Cðu0; dd; drÞ ¼ [dd ;drðNT ðf0; ddÞ � Bð q0; drÞÞ;

where Bðq0; drÞ ¼ fq 2 Ur : kq� q0k � drg, and the union is taken over all

values of dd and dr such that dj ¼ ðd2
d þ d2

rÞ
1=2 and dr ¼ ðd2

g þ d2
k þ d2

oÞ
1=2. We

then prove that for every dj > 0,

lim
T!1

Pr

�
inf

j2Cðj0;dd ;drÞ
T�1½‘T ðu0Þ � ‘T ðuÞ	 > 0

�
¼ 1: ð4:14Þ

Using (2.15), we rewrite (4.7) compactly as

BT ¼ ðg� g0Þ
0Q1T ðg� g0Þ þ 2ðg� g0Þ

0Q2Tm; ð4:15Þ

where g� g0 ¼ ½ðg� g0Þ
0; ðk� k0Þ

0; ðf� f0Þ
0
	
0; m ¼ ½ðvecðImÞÞ

0; ðvecðImÞÞ
0;

ðvecðImÞÞ
0
	
0,

Q1T ¼

O�1
� Y0MY

T
�O�1

�
Y0MX�1b0

T

�O�1
�

b00X0
�1MY

T
O�1

�
b00X0

�1MX�1b0

T

�Fð �ffÞ0 a0O�1
�

X0
�1MY

T

� �
Fð �ffÞ0 a0O�1

�
X0
�1MX�1b0

T

� �
2
6664

�

� O�1a� Y0MX�1

T

� �
Fð �ffÞ

O�1a�
b00X0

�1MX�1

T

� �
Fð �ffÞ

Fð �ffÞ0 a0O�1a�
X0
�1MX�1

T

� �
Fð �ffÞ

3
77775;

18The choice of d ¼ 1=2 is made ensuring that all the decomposed terms of the average

log-likelihood can be of the same order of magnitude at most. Notice that the order of consistency

of f̂f is determined by the rate at which this ball shrinks to zero.
19The case where elements of d are allowed to increase without bound is covered in the proof of

(4.8).
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Q2T ¼

O�1
� Y0ME

T
0 0

0 O�1
�

b00X0
�1ME

T
0

0 0 Fð �ffÞ0 a0O�1
�

X0
�1ME

T

� �
2
664

3
775:

Using (4.15) in (4.3), we note that

2 inf T�1½‘T ðu0Þ � ‘T ðuÞ	 � inf ðAT Þ þ

ð
½ðg� g0Þ

0Q1T ðg� g0Þ	

þ 2 inf ½ðg� g0Þ
0Q2Tm	; ð4:16Þ

where all the inf operations are taken over the set u 2 Cðu0; dd; drÞ. Defining

KT ¼ diagðIm2ðp�1Þ; Imr;T1=2IsÞ, then

ðg� g0Þ
0Q1T ðg� g0Þ ¼ ½KT ðg� g0Þ	

0
ðK�1

T Q1T K�1
T Þ½KT ðg� g0Þ	; ð4:17Þ

ðg� g0Þ
0Q2Tm ¼ ½KT ðg� g0Þ	

0K�1
T Q2Tm; ð4:18Þ

where for u 2 Cðu0; dd; drÞ, kKT ðg� g0Þk � dW with dW ¼ ðd2
g þ d2

k þ d2
dÞ

1=2.

Using (A.4), (A.8), (A.9) and (A.10), it is then easily seen that

K�1
T Q1T K�1

T ¼ J T ;ZZ þ opð1Þ and K�1
T Q2T ¼ opð1Þ; ð4:19Þ

where

J T ;ZZ ¼

O�1
� Y0MY

T
O�1

�
Y0MX�1b0

T
0

O�1
�

b00X0
�1MY

T
O�1

�
b00X0

�1MX�1b0

T
0

0 0 QT ;ff

2
64

3
75;

and QT ;ff is defined in (4.10). Using (4.19) and recalling that d and q are defined

on compact set, it follows that ðg� g0Þ
0Q2Tm ¼ opð1Þ, and therefore,

2 inf fT�1½‘T ðu0Þ � ‘T ðuÞ	g � inf ðAT Þ þ inf f½KT ðg� g0Þ	
0
J T ;ZZ

½KT ðg� g0Þ	g þ opð1Þ; ð4:20Þ

where as before all the inf operations are taken over the set u 2 Cðj0; dd; drÞ.
Consider AT defined by (4.4), which can be rewritten as

AT ¼ TrðO�1O0Þ � m� ln jO�1O0j � Tr½ðO�1
0 � O�1

ÞðT�1E0ME� O0Þ	;

¼
Xm

i¼1

ðli � 1� ln liÞ � Tr½ðO�1
0 � O�1

ÞðT�1E0ME� O0Þ	; ð4:21Þ

where li > 0, i ¼ 1; 2; . . . ;m, denote the eigenvalues of O�1O0. Since T�1E0ME

uniformly converges to O0, the second term in (4.21) uniformly converges to 0.

Notice also that li � 1� ln li attains its unique minimum at li ¼ 1, and is strictly

positive for all feasible values of li not equal to unity. When li ¼ 1 for all i, we

must have O ¼ O0. Therefore

inf ðAT Þ > 0 , do > 0: ð4:22Þ
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For the second term in (4.20), we have20

inf
j2Cðj0;dd ;drÞ

f½KT ðg� g0Þ	
0
J T ;ZZ½KT ðg� g0Þ	g � d2

WlminðJ T ;ZZÞ: ð4:23Þ

As T !1, lminðJ T ;ZZÞ converges weakly to lminðJ ZZÞ > 0, which is the smallest

eigenvalue of the positive definite (with probability 1) matrix, J ZZ given by

J ZZ ¼

O�1
�Qyy O�1

�Qyb0
0

O�1
�Qyb0

O�1
�Qb0b0

0

0 0 Qff

2
64

3
75;

where Qyy ¼ plimT!1T�1Y0MY, Qyb0
¼ plimT!1Y0MX�1b0 and Qb0b0

¼

plimT!1T�1b00X0
�1MX�1b0 (see Appendix A.2). Using (4.22) and (4.23) in

(4.20), and recalling that dj ¼ ðd2
W þ d2

oÞ
1=2 we obtain (4.14) for dW > 0 and=or

do > 0. This establishes the desired result given by (4.2), which we summarize:

Theorem 4.1

Under Assumptions 2:1; 2:2; 2:3; 4:1 and 4:2, and the identification condi-

tion ð2:16Þ, the QMLE of u, obtained from the VEC model ð3:1Þ, is consistent.

Furthermore, the QMLE of the long-run parameters is super-consistent such that

f̂f� f0 ¼ opðT
�1=2Þ.

4.2 Asymptotic Distribution of the QMLE

Under Assumptions 2.1 and 2.2, Dxt�1; . . . ;Dxt�pþ1, and b00xt�1 are

stationary, and using the results in Phillips and Durlauf (1986) on the application

of the Central Limit Theorem for martingale differences it is then easily seen that

Dxt�1; . . . ;Dxt�pþ1, and b00xt�1 are asymptotically distributed independently of et.

Hence, using the results in Sections A.1 and A.2 of the Appendix we have21

T�1=2 q‘T ðu0Þ

qg
¼ ðO�1

0 � Imðp�1ÞvecðT�1=2Y0MEÞ�
a

N ð0;O�1
0 �QyyÞ;

T�1=2 q‘T ðu0Þ

qk
¼ ðO�1

0 � IrÞvecðT�1=2b00X0
�1MEÞ�

a
N ð0;O�1

0 �Qb0b0
Þ;

and

T�1=2 q‘T ðu0Þ

qo
¼

1

2
D0

mðO
�1
0 � O�1

0 ÞDmvech½T�1=2ðE0ME� TO0Þ	

� �
a

N ð0;
1

2
D0

m½O
�1
0 � O�1

0 	DmÞ:

where Dm is an m� 1=2mðmþ 1Þ duplication matrix.

20Recall that kKT ðg� g0Þk � dW, where dW ¼ ðd2
g þ d2

k þ d2
dÞ

1=2.
21These results are obtained mainly using the multivariate invariance results derived by Phillips and

Durlauf (1986) and Phillips (1991).
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The asymptotic distribution of T�1q‘T ðu0Þ=qf is more complicated and

involves functionals of Brownian motions. From (A.1) in the appendix, we

have

T�1 q‘T ðu0Þ

qf
¼ F0ðf0Þða

0
0O

�1
0 � ImÞvecðT�1X0

�1MEÞ;

which upon using (A.8) yields

T�1 q‘T ðu0Þ

qf
�
a

F0ðf0Þvec

ð1

0

v1ðaÞdv02ðaÞ


 �
; ð4:24Þ

where v1ðaÞ ¼ C0ð1Þw
�ðaÞ; v2ðaÞ ¼ a00O

�1
0 wðaÞ and w(a) and w�ðaÞ; a 2 ½0; 1	,

are the standard and the demeaned and detrended Brownian motions, respectively

(see (A.7) in Appendix A.2). But, noting from (2.9) that C0ð1Þa0b
0
0 ¼ 0 and

Rank ðb0Þ ¼ r, then

E½v1ðaÞv
0
2ðaÞ	 ¼ C0ð1ÞE½w

�ðaÞw0ðaÞ	O�1
0 a0 ¼ C0ð1Þa0 ¼ 0:

Hence, v1ðaÞ and v2ðaÞ are independently distributed, and the locally asymptoti-

cally mixed normal (LAMN) theory of Jeganathan (1982) is directly applicable to

(4.24). (See also Phillips, 1991, p. 289). Therefore,

T�1 q‘T ðu0Þ

qf
�
a

MNf0;J f;fðu0Þg; ð4:25Þ

where

J f;fðu0Þ ¼ F0ðf0Þ½a
0
0O

�1
0 a0 � C0ð1ÞQSSC0

0ð1Þ	Fðf0Þ; ð4:26Þ

and QSS, defined by (A.6), is a positive definite matrix with probability 1.

Similarly, as T !1

DT

�q2‘T ðu0Þ

ququ0

( )
DT ) Jðu0Þ; ð4:27Þ

where DT ¼ diagðT�1=2Im2ðp�1Þ; T�1=2Imr;T�1Is;T�1=2Imðmþ1Þ=2Þ, and

J ðu0Þ ¼

O�1
0 �Qyy O�1

0 �Qyb0
0 0

O�1
0 �Q0

yb0
O�1

0 �Qb0b0
0 0

0 0 J ffðu0Þ 0

0 0 0 1
2

D0
mðO

�1
0 � O�1

0 ÞDm

2
6664

3
7775

ð4:28Þ

Combining the above results, and making use of the results in Sections A.1 and

A.2 of the Appendix we have
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Theorem 4.2

In the context of the VEC model ð3:1Þ; and under Assumptions

2:1; 2:2; 2:3; 4:1 and 4:2; and the identification condition ð2:16Þ,

DT

q‘T ðu0Þ

qu0

� �
�
a

MNf0;J ðu0Þg; ð4:29Þ

where J ðu0Þ, defined by (4.28), is a positive definite matrix with probability 1.

Consider the mean-value expansion of q‘T ðûuÞ=qu around u0:

q‘T ðûuÞ

qu
¼

q‘T ðu0Þ

qu
þ
q2‘T ð �uuÞ

ququ0
ðûu� u0Þ;

where the (i,j) element of q2‘T ð �uuÞ=ququ
0 is evaluated at ð �uui; �uujÞ, and �uui is a convex

combination of ui0 and ûui. Using the first-order conditions, q‘T ðûuÞ=qu ¼ 0, we have:

q‘T ðu0Þ

qu
¼ �

q2‘T ð �uuÞ

ququ0

( )
ðûu� u0Þ: ð4:30Þ

Define

J T ð �uuÞ ¼ DT

�q2‘T ð �uuÞ

ququ0
DT ; ð4:31Þ

and write (4.30) as

DT

q‘T ðu0Þ

qu
¼ J T ð �uuÞD

�1
T ðûu� u0Þ:

To derive the asymptotic distribution of D�1
T ðûu� u0Þ it now remains to show that

J T ð �uuÞ ) J ðu0Þ. Unlike the standard QML method, in the case of integrated and

cointegrated systems the consistency of ûu is not sufficient to guarantee the weak

convergence of J T ð �uuÞ to J ðu0Þ, and additional conditions are needed. In

particular, as shown by Saikkonen (1995, Proposition 3.2) J T ð �uuÞ ) J ðu0Þ, if

D�1
T ðûu� u0Þ ¼ opð1Þ and if the sample information matrix J T ðuÞ satisfies his

stochastic equicontinuity condition.22 The former condition is already established

(see Theorem 4.1). The latter is proved in the Appendix (Section A.3), under the

following assumption:

Assumption 4.3

For f� 2 Uf; bðfÞ and FðfÞ satisfy the Lipschitz conditions:

kbðf�Þ � bðfÞk � cbkf� � fk; ð4:32Þ

kFðf�Þ � FðfÞk � cFkf� � fk; ð4:33Þ

where cb and cF are positive constants.

22On the concept of stochastic equicontinuity and its use in establishing uniform convergence results

in econometrics see Davidson (1994, pp. 335–340) and references cited therein; in particular

Andrews (1987; 1992) and Pötscher and Prucha (1994).
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These conditions impose a certain degree of smoothness on the non-linear

dependence of bðfÞ and its derivatives, FðfÞ, on f, and are clearly satisfied when

the restrictions on b are linear. The following theorem summarizes the main result

on the asymptotic distribution of the QMLE.

Theorem 4.3

Consider the VEC model given by ð3:1Þ. Suppose that Assumptions

2:1; 2:2; 2:3; 4:1; 4:2 and 4:3; and the identification condition ð2:16Þ hold.

Then; the sample information matrix J T ð �uuÞ defined by ð4:31Þ weakly converges

to J ðu0Þ; defined by ð4:28Þ; and the QMLE of u; obtained subject to the general

non-linear restrictions vecðbÞ ¼ h ¼ fðfÞ; asymptotically has the mixture normal

distribution:

D�1
T ðûu� u0Þ �

a
MNf0;J�1

ðu0Þg: ð4:34Þ

It is worth noting that when vecðbÞ ¼ h is unrestricted, its associated

information matrix, a00O
�1
0 a0 � C0ð1ÞQSSC0

0ð1Þ, is singular, having rank

mr � r2 with probability 1. Therefore, we need at least r2 independent restrictions

to identify h. This represents a generalization of the result obtained by Rothenberg

(1971) for the case where the underlying processes are stationary.

Also, given that J ðu0Þ is block-diagonal, the QMLE of the short-run

parameters, q̂q, are asymptotically distributed independently of f̂f. Therefore, for

large enough T, inferences on the short-run parameters can be carried out treating

f̂f as if they were given. Thus, the results obtained in the literature for the case

where the restrictions on h are linear extend readily to models with non-linear

(over-identifying) restrictions.

5. TESTING OVER-IDENTIFYING RESTRICTIONS

ON COINTEGRATING VECTORS

In this section we consider the problem of testing over-identifying restrictions

imposed directly on the cointegrating vectors.23 Consider the following partition of

hðhÞ ¼ 0, the k ð> r2Þ restrictions on h given by (2.17):

hðhÞ ¼ ½h0AðhÞ; h0BðhÞ	 ¼ 0;

where hAðhÞ and hBðhÞ are r2 � 1 and ðk � r2Þ � 1 vector functions, respectively.

Without loss of generality, hAðhÞ ¼ 0 can be regarded as one set of many possible

r2 just-identifying restrictions, and the remaining restrictions, hBðhÞ ¼ 0, then

constitute the k � r2 over-identifying restrictions.24

23See also the discussion at the end of Section 2.1.
24It can be shown that the log-likelihood ratio statistic for the test of over-identifying restrictions is

invariant to the choice of the exact identifying restrictions. See also the sub-section 5.1 below.
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Let w ¼ ðq0; h0Þ0, where q ¼ ðg0; j0;x0Þ
0 and h are the short-run and the long-

run parameters, respectively, and consider the following assumptions that corre-

spond to the Assumptions 2.3, 4.2 and 4.3 of the previous sections:

Assumption 5.1

h 2 Y where Y � R
mr and hðhÞ is a continuously differentiable function of

h. Under hðhÞ ¼ 0; h 2 Uy; where Uy is a compact subset of Y, and the k � mr

Jacobian matrix, HðhÞ ¼ qhðhÞ=qh0; has full rank k � mr for all h 2 Uy.

Assumption 5.2

w 2 Uw, where Uw ¼ Ur � Uy; is a compact subset of R
hw with

hw ¼ m2ðp� 1Þ þ mr þ ð1=2Þmðmþ 1Þ þ mr. The true value of w, denoted by

w0 ¼ ðq00; h
0
0Þ
0; is an interior point of Uw.

Assumption 5.3

For h� 2 Uy;hðhÞ and HðhÞ satisfy the Lipschitz conditions:

khðh�Þ � hðhÞk � chkh� � hk; ð5:1Þ

kHðh�Þ �HðhÞk � cHkh� � hk; ð5:2Þ

where ch and cH are positive constants.

Using similar results as in Section 4.2, we have

DwT

q‘T ðw0Þ

qw
"

dðq0Þ

dðh0Þ


 �
�
a

MNf0;J ðw0Þg; ð5:3Þ

where DwT ¼ diagðT�1=2Ihr
;T�1ImrÞ; hr ¼ m2ðp� 1Þ þ mr þ mðmþ 1Þ=2;

dðq0Þ ¼ T�1=2ðq‘T ðw0Þ=qqÞ; dðh0Þ ¼ T�1ðq‘T ðw0Þ=qhÞ, and J ðw0Þ is defined by

DwT �
q2‘T ðw0Þ

qwqw0

( )
DwT ) Jðw0Þ ¼

J rrðw0Þ 0

0 J yyðw0Þ


 �
: ð5:4Þ

Note that J rrðw0Þ is a positive definite matrix, but

J yyðw0Þ ¼ a00O
�1
0 a0 � C0ð1ÞQSSC0

0ð1Þ ð5:5Þ

is singular, having rank mr � r2 with probability 1.25

Let ~ww ¼ ð~qq0; ~hh0Þ0 and ŵw ¼ ðq̂q0; ĥh0Þ0 be the QMLE of w obtained subject to the

r2 exactly-identifying restrictions (say, hAðhÞ ¼ 0Þ, and subject to the k restrictions,

hðhÞ ¼ 0, respectively. Then, the k � r2 over-identifying restrictions on h can be

tested using the log-likelihood ratio statistic

LRT ¼ 2f‘T ð ~wwÞ � ‘T ðŵwÞg; ð5:6Þ

25For a general analysis of ML estimation in the case of singular information matrices see Silvey

(1959, Section 6) and Breusch (1986). However, their analysis is not directly applicable to models

with unit roots.

LONG-RUN STRUCTURAL MODELLING 69

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
2
1
 
4
 
J
a
n
u
a
r
y
 
2
0
1
0



where ‘T ðŵwÞ and ‘T ð ~wwÞ represent the maximized values of the log-likelihood

function obtained under hðhÞ ¼ 0 and hAðhÞ ¼ 0, respectively.

Under Assumptions 2.1, 2.2, 4.1, and 5.1 through 5.3, and using a similar

line of reasoning as in Sections 4.1 and 4.2, it can be shown that q̂q� q0 ¼ opð1Þ

and ĥh � h0 ¼ opðT
�1=2Þ, and the sample information matrix, J T ðwÞ ¼

DwT �q2‘T ðwÞ=qwqw
0

� �
DwT , also satisfies Saikkonen’s (1995) stochastic equi-

continuity condition SEo. Therefore, we have

Theorem 5.1

Under Assumptions 2:1; 2:2; 4:1; and 5:1 through 5:3;ffiffiffiffi
T

p
ðq̂q� q0Þ�

a
Nf0;J�1

rr ðw0Þg and T ðĥh � h0Þ �
a

MNf0;Vyyðw0Þg ð5:7Þ

where

Vyyðw0Þ ¼ J�1
yy ðw0Þ � J�1

yy ðw0ÞH
0ðw0ÞfHðh0ÞJ

�1
yy ðw0ÞH

0ðh0Þg
�1Hðh0ÞJ

�1
yy ðw0Þ;

ð5:8Þ

is a singular random matrix having rank mr � k with probability 1, and

Jyyðw0Þ ¼ J yyðw0Þ þH0
Aðh0ÞHAðh0Þ; ð5:9Þ

is a positive definite matrix.

Proof.

See Section A.4 in the Appendix.

Theorem 5.2

Under Assumptions 2:1; 2:2; 4:1; and 5:1 through 5:3; the log-likelihood

ratio statistic for testing hðhÞ ¼ 0, defined in ð5:6Þ; is asymptotically distributed as

a w2 variate with k � r2 degrees of freedom.

Proof.

See Section A.5 in the Appendix.

The Wald statistic (W) for testing the k � r2 over-identifying restrictions,

hBðhÞ ¼ 0, is given by

W ¼ T2h0Bð
~hhÞ½HBð

~hhÞVA
yyð ~wwÞH

0
Bð
~hhÞ	�1hBð

~hhÞ; ð5:10Þ

where HBð
~hhÞ ¼ qhBð

~hhÞ=qh0. Since

hBð
~hhÞ ¼ HBðh0Þð

~hh � h0Þ þ opð1Þ;

hence using (A.22) in the Appendix,

ThBð
~hhÞ �

a
MNf0;HBðh0ÞV

A
yyðw0ÞH

0
Bðh0Þg:

Therefore, W �
a
w2

k�r2 .

Next, the Lagrange Multiplier statistic (LM) for testing the over-identifying

restrictions can be written as

LM ¼ k̂k
0
fVllðŵwÞg

�1
k̂k; ð5:11Þ
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where k̂k is the QMLE of the Lagrange multipliers k obtained under hðhÞ ¼ 0 (see

(A.13)), and VllðŵwÞ is defined by (A.21). Then, using similar methods as used in

the proof of Lemma 6 in Silvey (1959), it can be shown that LM �
a
w2

k�r2 .

5.1 Testing Over-Identifying Restrictions on a Sub-Set of

Cointegrating Vectors

The log-likelihood ratio statistic tests the validity of the joint hypotheses of

over-identifying restrictions on the cointegrating vectors in the system simulta-

neously. However, there are situations when we are interested in testing over-

identifying restrictions on a single cointegrating vector or a subset of cointegrating

vectors only. For ease of exposition, we deal with the single equation case, and

partition b ¼ ðb1; b�1Þ such that the dimensions of b1 and b�1 are m� 1 and

m� ðr � 1Þ, respectively, and partition h ¼ ðh01; h
0
�1Þ

0, conformably. Suppose that

there are k1 > r restrictions on b1, characterized by

h1ðh1Þ ¼ 0; ð5:12Þ

and the remaining cointegrating vectors, b�1, are subject to rðr � 1Þ exactly

identifying restrictions. Therefore, only b1 is subject to ðk1 � rÞ over-identifying

restrictions. Denote the QMLE of h obtained under the above k1 restrictions on h1

and the rðr � 1Þ exactly-identifying restrictions on the remaining r � 1 cointegrat-

ing vectors, by ĥhs, and as before let ~hh be the QMLE of h obtained under the r2

exactly-identifying restrictions on y. Then, the log-likelihood ratio statistic for

testing the validity of h1ðh1Þ ¼ 0 is given by

LRs ¼ 2f‘T ð
~hhÞ � ‘T ðĥhsÞg: ð5:13Þ

By Theorem 3.2, LRs has an asymptotic w2 distribution with k1 � r degrees of

freedom. Note that this result is invariant to how the remaining cointegrating

vectors, b�1, are exactly identified.

It is also worth noting that the log-likelihood ratio statistic, LRs, reduces to

the same log-likelihood ratio statistic proposed by Johansen and Juselius (1992),

when testing restrictions on a single cointegrating vector bi. This is due to the fact

that there are no over-identifying restrictions imposed on the remaining r � 1

cointegrating vectors, and therefore, the QMLE of b�1 can be chosen to be equal to

any one of the many possible exactly-identified estimators of b�1.

The above result can be readily extended to the more general case of testing

over-identifying restrictions imposed only on a subset of the cointegrating vectors.

Partition b ¼ ðb1; b2Þ, where the dimensions of b1 and b2 are m� r1 and

m� ðr � r1Þ with r > r1. Suppose that there are k1 over-identifying restrictions

on b1. Defining b̂bA ¼ ðb̂b1;
~bb2AÞ, and b̂bB ¼ ðb̂b1;

~bb2BÞ, it can be shown that the value

of the log-likelihood ratio statistic for testing the validity of k1 over-identifying

restrictions obtained using either b̂bA or b̂bB is the same.
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6. AN EMPIRICAL APPLICATION: LONG-RUN ESTIMATES OF

CONSUMER DEMAND EQUATIONS FOR THE UK

In this section we apply the long-run structural modelling techniques to

Almost Ideal Demand Systems (AIDS) estimated for three non-durable expendi-

ture categories using the UK quarterly observations over the period 1956(1)–

1993(2). (The available observations before 1956 were used to create the necessary

lagged variables). This application provides a good example where economic

theory provides strong testable restrictions (such as homogeneity and symmetry)

on the long-run equilibrium relations. The symmetry restrictions are of particular

interest, since they provide an example of cross-equation restrictions.

Under the AIDS model of Deaton and Muellbauer (1980), the expenditure

share of the ith commodity group, wit, is determined in the long run by

wit ¼ ai þ
Xn

j¼1

gji ln Pjt þ di lnðYt=PtÞ; i ¼ 1; 2; . . . ; n; t ¼ 1; 2; . . . ;T ;

ð6:1Þ

where Pjt is the price deflator of the commodity group j;Yt is the per capita

expenditure on all n commodities, and Pt is a general price index which we

approximate using the Stone formula.26 ln Pt ¼
Pn

j¼1 wj0 ln Pjt, where wj0 refer

to budget shares in the base year.

Consumer theory imposes the following restrictions on the parameters of the

share equations:

$ Adding-up restrictions:
Pn

i¼1 ai ¼ 1;
Pn

i¼1 gji ¼ 0;
Pn

i¼1 di ¼ 0.

$ Homogeneity restrictions:
Pn

j¼1 gji ¼ 0.

$ Symmetry restrictions: gji ¼ gij.

The adding-up restrictions are not testable, and are imposed indirectly by

first-estimating the n� 1 share equations, and then estimating the parameters of

the remaining equation from the adding-up restrictions. In system estimation of the

share equations the results are invariant to the choice of the n� 1 commodities

included in the analysis. Although there have been a number of attempts to deal

with the dynamics of the AIDS model, these analyses invariably consider rather

restricted set-ups, and all treat prices and real per capita expenditure as

exogenously given.27

26The exact expression for ln Pt is given by (see Deaton and Muellbauer, 1980):

ln Pt ¼ a0 þ
Xn

k¼1

ak ln Pkt þ
1

2

Xn

k¼1

Xn

j¼1

gkj ln Fkt ln Pjt:

Its use in our work will give rise to a non-linear VAR model, the analysis of which is outside the

scope of this paper. For an empirical application of Stone’s approximation in a static AIDS model see

Pashardes (1993).
27The most general dynamic model used is by Anderson and Blundell (1983), which is a VAR(1) in

budget shares, and is estimated assuming exogenously given prices and per capita real expenditures.
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The long-run structural modelling approach of this paper considers the

share equations, (6.1), as the long-run equilibrium relations of a VAR model in

the 2n variables, xt ¼ ðw1t;w2t; . . . ;wðn�1Þt; ln P1t; . . . ; ln Pnt; lnðYt=PtÞÞ. This

approach has two important advantages. Firstly, apart from the order of the

VAR, it does not impose any arbitrary restrictions not supported by a priori

theory on the short-run dynamics. Secondly, it allows for any possible interde-

pendencies that may exist among the budget shares, prices, and the real per capita

expenditure. This approach has, however, one important limitation: due to its

highly data-intensive nature, only demand systems with a few commodity groups

can be analyzed in a satisfactory manner. Here we estimate a three-commodity

system on the UK quarterly seasonally adjusted data over the period 1956(1)–

1993(2). The three commodity groups are (1) food, drink and tobacco; (2) services

(including rents and rates); and (3) energy and other non-durables.28

Since the analysis of the cointegrated VAR model pre-assumes xt to be I(1),

we computed augmented Dickey-Fuller (1979) and Phillips-Perron (1988) statis-

tics for the three budget shares ðw1t;w2t;w3tÞ, the price variables

ðln P1t; ln P2t; ln P3tÞ, and the per capita real expenditure variable, lnðYt=PtÞ. The

results are summarized in Table 1, and show that for none of the variables it is

possible to reject the unit root hypothesis at the 95 percent level.29

Consumer theory predicts that there should be two cointegrating relations

among the six variables, w1t;w2t; ln P1t; ln P2t; ln P3t, and lnðYt=PtÞ. To test this

hypothesis, in what follows, we consider a VAR(4) model with restricted intercepts

and no trends to ensure that there exist steady state values for the budget shares

both under the null and the alternative hypotheses. In this case, we have

Dxt ¼
X3

i¼1

GiDxt�i � ab0x�t�1 þ et; ð6:2Þ

where x�t�1 ¼ ðx0t�1; 1Þ0 is an ðmþ 1Þ � 1 vector, and b is an ðmþ 1Þ � r matrix.

The last row of b gives the steady state values of the budget shares. Using (6.2) we

computed the log-likelihood Trace and Maximum eigenvalue statistics over the

28Consumer expenditures at current and constant 1990 prices for the three commodity groups were

taken from Central Statistical Office’s (CSO) quarterly Macroeconomic Database. Quarterly

observations on population were obtained by interpolation of annual population figures taken

from the CSO Annual Database. Price indices of individual commodity groups were obtained as

implicit deflators of relevant expenditure categories. The general price index was approximated by

the Stone index. All the data were converted into indices with base equal to 1 in 1990. This ensures

that the estimates of the a’s in (6.1) are close to the budget shares in the base year.
29We also computed unit root statistics for all the variables not including trends in the underlying

regressions, but could not reject the unit root hypothesis in any case. Since budget shares are

bounded between zero and unity, it may be argued that the non-rejection of the unit root hypothesis is

due to the relatively small sample used and the lack of power of unit root tests. Nevertheless, it seems

reasonable to proceed assuming that the budget shares can be approximated as unit-root processes

(see also Chambers and Nowman, 1997).

LONG-RUN STRUCTURAL MODELLING 73

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
2
1
 
4
 
J
a
n
u
a
r
y
 
2
0
1
0



T
a

b
le

1
.

U
n

it
R

o
o

t
T

es
t

R
es

u
lt

s
ov

er
1

9
5

6
(1

)–
1
9
9
3
(2

)

A
D

F
(
p
)*

P
P

(‘
)y

V
ar

ia
b
le

s
0

1
2

3
4

1
2

3
4

5

w
1

�
2

.1
8

�
1

.9
1

�
1

.8
3

�
1

.9
0

�
1

.8
5

�
1

.8
1

�
1

.6
9

�
1

.7
3

�
1

.8
2

�
2

.0
0

w
2

�
1

.2
4

�
1

.1
0

�
1

.2
5

�
1

.2
6

�
1

.2
2

�
1

.0
5

�
1

.1
6

�
1

.2
1

�
1

.3
1

�
1

.3
7

w
3

�
1

.7
6

�
1

.2
1

�
1

.0
7

�
0

.9
9

�
1

.0
3

�
1

.0
1

�
.0

7
7

�
0

.6
5

�
0

.6
0

�
0

.3
6

ln
P

1
�

2
.6

8
�

2
.1

2
�

2
.1

0
�

2
.1

8
�

2
.3

3
�

2
.5

8
�

2
.5

7
�

2
.6

0
�

2
.6

5
�

2
.7

0
ln

P
2

�
1

.9
3

�
1

.7
1

�
1

.7
4

�
1

.7
5

�
2

.0
9

�
1

.9
7

�
2

.0
7

�
2

.1
5

�
2

.2
6

�
2

.3
5

ln
P

3
�

1
.9

1
�

1
.7

9
�

1
.9

6
�

2
.1

6
�

2
.0

3
�

2
.0

2
�

2
.1

5
�

2
.2

7
�

2
.3

7
�

2
.4

6
ln

(Y
=P

)
�

1
.6

0
�

1
.5

4
�

1
.8

9
�

1
.9

4
�

2
.4

5
�

1
.5

3
�

1
.8

5
�

1
.9

9
�

2
.2

3
�

2
.4

1

*
T

h
e

A
D

E
(a

u
g

m
en

te
d

D
ic

k
ey

-F
u

ll
er

)
st

at
is

ti
cs

ar
e

co
m

p
u

te
d

u
si

n
g

th
e

A
D

F
(
p
),

(p
¼

0
,

1
,

2
,

3
,

4
)

re
g

re
ss

io
n

s
co

n
ta

in
in

g
in

te
rc

ep
ts

an
d

li
n

ea
r

tr
en

d
s.

y
T

h
e

P
P

(P
h

il
li

p
s-

P
er

ro
n

)
st

at
is

ti
cs

ar
e

co
m

p
u

te
d

u
si

n
g

an
A

R
(1

)
re

g
re

ss
io

n
co

n
ta

in
in

g
an

in
te

rc
ep

t
an

d
a

li
n

ea
r

tr
en

d,
w

h
er

e
th

e
B

ar
tl

et
t

w
in

d
o
w

is
u

se
d

in

co
m

p
u

ti
n

g
th

e
lo

n
g

-r
u

n
v
ar

ia
n

ce
o

f
th

e
re

si
d

u
al

,
an

d
‘

d
en

o
te

s
th

e
la

g
tr

u
n

ca
ti

o
n

p
ar

am
et

er
,
‘
¼

1
,

2
,

3
,

4
,

5
.

T
h

e
9

5
%

cr
it

ic
al

v
al

u
e

fo
r

b
o

th
st

at
is

ti
cs

is

�
3

.4
4

.

74 PESARAN AND SHIN

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
2
1
 
4
 
J
a
n
u
a
r
y
 
2
0
1
0



period 1956(1)–1993(2). The test results are summarized in Table 2. At the five

percent significance level, the Trace statistic ðltraceÞ suggests two cointegrating

vectors, while the Maximum eigenvalue statistics ðlmaxÞ does not reject the

hypothesis that there is only one cointegrating vector among the six variables.

At the ten percent level, neither statistic rejects the hypothesis that there are two

cointegrating vectors.30

Given the fact that the evidence against theory’s prediction is rather weak we

proceed assuming that r ¼ 2. Denote the corresponding cointegrating vectors on

w1t;w2t; ln P1t; ln P2t; ln P3t; lnðYt=PtÞ and the intercept by b1 ¼ ðb11;b21; b31;
b41;b51;b61;b71Þ

0 and b2 ¼ ðb12; b22; b32; b42; b52; b62; b72Þ
0, respectively. The

exact (theory) identifying restrictions implicit in the specification of the share

equations in the AIDS model are given by31

HE :
b11 ¼ �1; b12 ¼ 0

b21 ¼ 0; b22 ¼ �1

� �
;

and the exactly identified estimates of the two cointegrating vectors are

�1 0 0.2734 �0.2215 �0.0516 �0.1761 0.2866

~bb0E ¼
(0.0372) (0.0235) (0.0433) (0.0303) (0.0027)

0 �1 �0.1672 0.0536 0.1030 0.3218 0.5196
(0.0637) (0.0395) (0.0754) (0.0521) (0.0044)

Table 2. Johansen’s Cointegration Rank Test Statistics for the AID System Applied to UK Non-

Durable Consumption Expenditures over 1956(1)–1993(2)*

H0 Eigenvalues ltrace lmax

r¼ 0 0.2404 119.61 [102.56] 41.24 [40.53]
r¼ 1 0.1938 78.38 [75.98] 32.31 [34.40]
r¼ 2 0.1074 46.06 [53.48] 17.04 [28.27]
r¼ 3 0.0892 29.03 [34.87] 14.01 [22.04]
r¼ 4 0.0615 15.02 [20.18] 9.52 [15.87]
r¼ 5 0.0360 5.50 [9.16] 5.50 [9.16]

*ltrace and lmax are the trace and the maximum eigenvalue statistics, respectively. r is the number of

cointegrating relations. These values are estimated using the VAR(4) model with restricted intercepts

and no trends in the six variables, w1, w2, ln P1, ln P2, ln P3, and ln (Y=P). The values in [�] are the

95% critical values.

31This choice of exact-identifying restrictions rules out the possibility of placing (testing) zero

restrictions on b11 and b22. This seems plausible considering that the primary objective here is to test

the homogeneity and symmetry restrictions of consumer demand functions. Demand functions will

not be defined if b11 (or b22) is set to zero, and the homogeneity and symmetry restrictions can no

longer be meaningfully formulated.

30We obtained similar results when we estimated lower order VAR models. We did not consider

models of order higher than 4 on grounds of data limitations.
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with the maximized value of the log-likelihood function being 3404.5, where the

asymptotic standard errors are given in brackets.32 The estimates in the last column

of ~bb0E correspond to the steady-state budget shares for the first two expenditure

categories, namely ‘‘food, drink, and tobacco’’ and ‘‘services and rent’’.

Next, we provide tests of the homogeneity and symmetry restrictions, taking
~bbE as the appropriate exactly identified estimates. Estimation of the cointegrating

relations subject to the homogeneity restrictions (namely, b31 þ b41 þ b51 ¼ 0,

and b32 þ b42 þ b52 ¼ 0) yielded the following results:

�1 0 0.2722 �0.2218 �0.0504 �0.1753 0.2866

~bb0H ¼
(0.0166) (0.0208) (0.0216) (0.0164) (0.0028)

0 �1 �0.1160 0.0721 0.0439 0.2825 0.5191
(0.0289) (0.0358) (0.0378) (0.0281) (0.0048)

with the maximized value of the log-likelihood function being 3404.0. Therefore,

the log-likelihood ratio statistic for testing the homogeneity hypothesis is equal to

2ð3404:5� 3404:0Þ ¼ 1:0, which is well below the 95 percent critical value of the

Chi-Squared test with 2 degrees of freedom.33

Turning to the symmetry hypothesis, the relevant restriction is the cross-

equation restriction b41 ¼ b32.34 The estimates of the cointegrating vectors subject

to the homogeneity and symmetry restrictions are as follows.35

�1 0 0.2565 �0.2150 �0.0415 �0.1771 0.2848

~bb0HS ¼
(0.0399) (0.0281) (0.0411) (0.0222) (0.0066)

0 �1 �0.2150 0.0977 0.1173 0.2837 0.5072
(0.0281) (0.1111) (0.1295) (0.0955) (0.0188)

with the maximized log-likelihood value of 3402.8. The LR statistic for testing this

joint hypothesis is equal to 3.37, which is well below the 95% critical value of the

Chi-Squared test with three degrees of freedom, and does not support a rejection of

this joint hypothesis.

Finally, the estimates of the price and income elasticities for the specification

that imposes both the homogeneity and symmetry restrictions are presented in

Table 3.

32For details of the computational algorithms see Pesaran and Pesaran (1997, Section 19.8).
33As shown in Section 5.1, tests of the over-identifying restrictions are invariant to the choice of the

exact identifying restrictions. As an illustration we tested the homogeneity restrictions conditional on

the following alternative set of exactly identifying restrictions:
b11 ¼ �1; b12 ¼ 0

b21 ¼ 0; b62 ¼ �1

� �
; and

obtained identical test results.
34In the case where b11 or b22 are not normalized to �1, the symmetry restriction needs to be

expressed as b41=b11 ¼ b32=b22, which is meaningful only if b11 6¼ 0 and b22 6¼ 0. Also see footnote

31.
35Using the adding-up condition the third (cointegrating) share equation is given by

ŵw3t ¼ 0:2080� 0:0415 ln P1t þ 0:1173 ln P2t � 0:0758 ln P3t � 0:1066 lnðYt=PtÞ:
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The income elasticities all have the correct signs and plausible magnitudes.

The estimated price elasticities are generally reasonable, except for the own price

elasticity of the ‘‘food, drink and tobacco’’ category which is slightly positive but

statistically insignificant. Finally, the estimates of the restricted intercepts, given

in the last row of b̂bHS , namely 0.285 and 0.507, for the w1 and w2 share equations

match closely the average budget shares of 0.286 and 0.519 in the base year

(1990).

7. CONCLUDING REMARKS

We have argued that in cointegrated VAR models where there is more than

one cointegrating relation, the statistical approach to identification of the long run

cointegrating relations advanced in the literature is not satisfactory, and as far as

the interpretation of the results and their use in policy analysis is concerned, can be

misleading. Identification of the long-run relations requires a priori information, in

the form predicted by economic theory, market arbitrage conditions or institutional

characteristics. When there are r cointegrating relations, there must be at least r

independent a priori restrictions (including one normalization restriction) one each

of the r cointegrating relations. This paper provides a general theory for the

identification of the cointegrating vectors when they are subject to non-linear

parametric restrictions. It gives a rigorous proof of the consistency of the QML

estimators, establishes the relative rates of convergence of the QML estimators of

the short-run and the long-run coefficients, and derives their asymptotic distribu-

tion; thus providing a formal proof for many of the results routinely used in the

literature. The empirical application in the paper also shows that the econometric

and computational methods advanced in the paper are readily applicable to a wide

variety of applied economic problems.

Table 3. Own and Cross Price Elasticities and Income Elasticities of Main Three Non-Durable

Expenditure Categories in the UK over 1956(1)–1993(2)*

Price Elasticities

Food Services Others Income Elasticities

Food 0.0413 (0.1384) �0.4228 (0.1255) �0.0216 (0.1300) 0.4042 (0.0745)
Services �0.5932 (0.0980) �1.0902 (0.3044) 0.1211 (0.2264) 1.5623 (0.1892)
Others �0.0495 (0.3221) 0.8638 (0.9020) �1.2760 (0.6766) 0.4617 (0.5609)

*Elasticities are estimated using the VAR(4) model with restricted intercepts and no trends, imposing

homogeneity and symmetry restrictions, at the 1990 budget shares. Asymptotic standard errors are

given in brackets.
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APPENDIX: MATHEMATICAL DERIVATIONS AND PROOFS

A.1 Derivatives of the Log-likelihood Function

The first-order differential of ‘T ðuÞ, defined by (4.1), is given by (recall that

MZ ¼ 0)

d‘T ðuÞ ¼ �
T

2
d ln jOj �

1

2
TrfðdO�1

ÞE0MEg �
1

2
TrfO�1dðE0MEÞg;

¼ �
T

2
TrfO�1

ðdOÞg þ
1

2
TrfO�1

ðdOÞO�1E0MEg � TrfO�1E0MðdEÞg;

¼
1

2
TrfO�1

ðE0ME� TOÞO�1
ðdOÞg � TrfO�1E0MðdEÞg;

where

dE ¼ �YðdGÞ þ X�1ðdbÞa
0 þ X�1bðda

0Þ:

Next, the second-order differential of ‘T ðuÞ is derived as

d2‘T ðuÞ ¼ � TrfO�1
ðdOÞO�1

ðE0ME� TOÞO�1
ðdOÞg

�
T

2
Tr½O�1

ðdOÞO�1
ðdOÞ	 þ TrfO�1

½�YðdGÞ þ X�1ðdbÞa
0

þ X�1bðda
0Þ	
0MEO�1

ðdOÞg þ TrfO�1
ðdOÞO�1E0M½�YðdGÞ

þ X�1ðdbÞa
0 þ X�1bðda

0Þ	g � TrfO�1
½ðdGÞ0ðY0MYÞðdGÞ

� ðdGÞ0ðY0MX�1bÞðda
0Þ � ðdGÞ0ðY0MX�1ÞðdbÞa

0	g

� TrfO�1
½�ðdaÞðb0X0

�1MYÞðdGÞ

þ ðdaÞðb0X0
�1MX�1bÞðda

0Þ þ ðdaÞðb0X0
�1MX�1ÞðdbÞa

0	g

� TrfO�1
½�aðdb0ÞðX0

�1MYÞðdGÞ þ aðdb0ÞðX0
�1MX�1bÞðda

0Þ

þ aðdb0ÞðX0
�1MX�1ÞðdbÞa

0	g:

Using Theorem 3 on p. 31 and Theorem 1 on p. 192 in Magnus and Neudecker

(1988), and also noting that

dvecðbÞ ¼ FðfÞdf; dvecðOÞ ¼ Dmx; vecðE0ME� TOÞ

¼ DmvechðE0ME� TOÞ;

where Dm is an m� ð1=2Þmðmþ 1Þ duplication matrix, then the first and the

second partial derivatives of ‘T ðuÞ are given by

q‘T ðuÞ

qj
¼

q‘T ðuÞ=qg
q‘T ðuÞ=qk
q‘T ðuÞ=qf
q‘T ðuÞ=qo

2
664

3
775 ¼

ðO�1
� Imðp�1ÞÞvecðY0MEÞ

ðO�1
� IrÞvecðb0X0

�1MEÞ

F0ðfÞða0O�1
� ImÞvecðX0

�1MEÞ
1
2

D0
mðO

�1
� O�1

ÞDmvechðE0ME� TOÞ

2
664

3
775;
ðA.1Þ
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�
q2‘T ðuÞ

ququ0
¼

L11 L12Dm

D0
mL

0
12 D0

mL22Dm


 �
; ðA.2Þ

where L11 is the symmetric matrix

L11

¼

O�1
� Y0MY O�1

� Y0MX�1b ðO�1a� Y0MX�1ÞFðfÞ

� O�1
� b0X0

�1MX�1b ðO�1a� b0X0
�1MX�1ÞFðfÞ

� � F0ðfÞða0O�1a� X0
�1MX�1ÞFðfÞ

2
64

3
75;

L12 ¼

O�1
� Y0MEO�1

O�1
� bX0

�1MEO�1

ðO�1
� X0

�1MEO�1
ÞFðfÞ

2
4

3
5;

L22 ¼
T

2
fðO�1

� O�1
Þ þ ðO�1

� O�1
ÞðT�1E0ME� OÞO�1

g:

A.2 Probability Limits Involving Unit Root Processes

Under Assumption 2.4 and using the multivariate invariance principle (see

Phillips and Durlauf, 1986)

T�1=2s½Ta	 ) wðaÞ; a 2 ½0; 1	; ðA.3Þ

where s½Ta	 ¼
P½Ta	

j¼1 ej; ½Ta	 is the largest integer part of Ta, and wðaÞ is an m� 1

vector of Brownian motion with the covariance matrix, O0. Next, applying the

continuous mapping theorem,

T�3=2
XT

t¼1

st )

ð1

0

wðaÞda;

T�2
XT

t¼1

sts
0
t )

ð1

0

wðaÞw0ðaÞda:

From (2.7) and (2.10) we have

X�1 ¼ tðx0 � mÞ0 þ tm0 þ S�1C0ð1Þ
0
þ
X1
i¼0

E�i�1C�0
0i;

where S�1 ¼ ðs0; s1; . . . ; sT�1Þ
0 and E�i ¼ ðe1�i; e2�i; . . . ; eT�iÞ

0; i ¼ 1; 2; . . ., and

X0
�1MX�1 ¼ C0ð1ÞS

0
�1MS�1C0

0ð1Þ þ
X1
i¼0

C0ð1ÞS
0
�1ME�i�1C�0

0i

þ
X1
i¼0

C�
0iE

0
�i�1MS�1C0

0ð1Þ þ
X1
i¼0

X1
j¼0

C�
0iE

0
�i�1ME�j�1C�0

0j;
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where M ¼ IT � ZðZ0ZÞ�1Z0 (see also (3.1)). Then, it is easily seen that

T�2X0
�1MX�1 ¼ T�2C0ð1ÞS

0
�1MS�1C0

0ð1Þ þ OpðT
�1Þ; ðA.4Þ

T�1X0
�1ME ¼ T�1C0ð1ÞS

0
�1MEþ opð1Þ:

Defining Dz ¼ diag½T�1=2;T�3=2	, and using (A.3) and (A.4), as T !1,

T�1S0�1ZDZ )

ð1

0

wðaÞda;

ð1

0

awðaÞda


 �
;

T�2S0�1ZðZ0ZÞ�1Z0S�1 )

ð1

0

wðaÞda;

ð1

0

awðaÞda


 �
4 �6

�6 12


 �

�

Ð 1

0
w0ðaÞdaÐ 1

0
aw0ðaÞda

" #
;

T�1S0�1ME )

ð1

0

w�ðaÞdw0ðaÞ;T�2S0�1MS�1 ) QSS;

where

QSS ¼

ð1

0

w�ðaÞw�0ðaÞda ðA.6Þ

is a positive definite random matrix with probability 1 (see Phillips, 1991), and

w�ðaÞ ¼ wðaÞ þ ð6a� 4Þ

ð1

0

wðaÞdaþ ð�12aþ 6Þ

ð1

0

awðaÞda ðA.7Þ

is an m� 1 vector of demeaned and detrended Brownian motion with the

covariance matrix, O0. Using the above results in (A.4), as T !1,

T�1X0
�1ME ) C0ð1Þ

ð1

0

w�ðaÞdw0ðaÞ

� �
; ðA.8Þ

T�2X0
�1MX�1 ) C0ð1ÞQSSC0

0ð1Þ: ðA.9Þ

Finally, noting that Y ¼ ðDX�1;DX�2; . . . ;DX�pþ1Þ and b00X�1 are station-

ary processes and asymptotically uncorrelated with E, it is also easily verified (see

also Phillips and Durlauf, 1986) that

T�1Y0ME ¼ opð1Þ; T�1b00X0
�1ME ¼ opð1Þ;

T�1Y0MX�1 ¼ Opð1Þ; T�1b00X0
�1MX�1 ¼ Opð1Þ: ðA.10Þ

Furthermore, the following probability limits can be shown to exist:

Qyy ¼ plimT!1

Y0MY

T
; Qyb0

¼ plimT!1

Y0MX�1b0

T
; Qb0b0

¼ plimT!1

b00X0
�1MX�1b0

T
: ðA.11Þ
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A.3 Stochastic Equicontinuity of J T ðuÞ

Let q ¼ ðg0;k0;o0Þ
0 and define the open ball, Bðq; dÞ ¼ fq� 2 Ur :

kq� � qk < dg, with Ur ¼ Ug � Uk � Uo, and the open shrinking ball,

NT ðf; dÞ ¼ ff� 2 Uf : T1=2kf� � fk < dg, where d is a positive real number.36

The sample information matrix, J T ðuÞ, is given by

J T ðuÞ ¼ DT

�q2‘T ðuÞ

ququ0
DT ;

where DT ¼ T�1=2diagðIm2ðp�1Þ; Imr;T�1=2Is; Imðmþ1Þ=2Þ and �q2‘T ðuÞ=ququ
0 is

defined by (A.2). J T ðuÞ satisfies Saikkonen’s (1995) stochastic equicontinuity

condition SE0 if

sup
j�2Bðr0;dÞ�NT ðf0;dÞ

kJ T ðu�Þ � J T ðu0Þk ¼ Opð1Þ: ðA.12Þ

In the case where the long-run coefficients f0 (or b0 ¼ bðf0ÞÞ are known the

sample information matrix of the short-run coefficients q involve only stationary

variables and the standard asymptotic theory is applicable. Therefore, in what

follows we shall focus on establishing the condition SE0 for those components of

J T ðuÞ that involve the long-run coefficients, f. These are T�1Y0MX�1b;
T�1b0X0

�1MX�1b; ðO
�1a� T�3=2b0X0

�1MX�1ÞFðfÞ and F0ðfÞða0O�1a�
T�2X0

�1MX�1ÞFðfÞ. Consider the first term. Denoting bðf�Þ and bðf0Þ by b�
and b0, respectively, and using the Lipschitz condition (4.32) we have

sup
f�2NT ðf0;dÞ

kT�1Y0MX�1b� � T�1Y0MX�1b0k < cbdkT�3=2Y0MX�1k:

But using (A.10), T�3=2Y0MX�1 ¼ opð1Þ, and hence T�1Y0MX�1b clearly satis-

fies the SE0 condition.

To prove the stochastic equicontinuity of T�1b0X0
�1MX�1b, let

QT ;XX ¼ T�2X0
�1MX�1 and note that

T ðb0�QT ;XXb� � b00QT ;XXb0Þ ¼ T ðb� � b0Þ
0QT ;XXb0 þ Tb00QT ;XX ðb� � b0Þ

þ T ðb� � b0Þ
0QT ;XX ðb� � b0Þ:

Hence,

sup
f�2NT ðf0;dÞ

kTb�QT ;XXb� � Tb0QT ;XXb0k < 2cbdkT�3=2X0
�1MX�1b0k

þ c2
bd

2
kT�2X0

�1MX�1k:

Again using (A.10), T�3=2X0
�1MX�1b0 ¼ opð1Þ, and QT ;XX ¼ T�2X0

�1MX�1 ¼

Opð1Þ. Therefore, T�1b0X0
�1MX�1b satisfies the SE0, in the sense that the above

36Notice that in the construction of Bðr; dÞ and NT ðf; dÞ the same d is used as required by

Saikkonen’s (1995, p. 894) stochastic equicontinuity conditions, SE0.
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supremum can be made as small as desired by choosing a small enough value

for d.

Let C� ¼ ðO�1a� T1=2b0�QT ;XX Þ;C0 ¼ ðO�1a� T1=2b00QT ;XX Þ;F� ¼

Fðf�Þ, and F0 ¼ Fðf0Þ. Then

kC�F� �C0F0k � kC� �C0k � kF� � F0k þ kC� �C0k � kF0k þ kC0k

� kF� � F0k;

kC� �C0k ¼ kO�1ak � kT1=2ðb� � b0Þ
0QT ;XXk;

and

kC0k ¼ kO�1ak � kT1=2b00QT ;XXk:

Hence

sup
f�2NT ðf0;dÞ

kC� �C0k < cbdkO
�1ak � kQT ;XXk:

Similarly, using (4.33)

sup
f�2NT ðf0;dÞ

kF� � F0k < T�1=2cFd:

Hence, under Assumption 4.3 we have

sup
f�2NT ðf0;dÞ

kC�F� �C0F0k < dkO�1ak

fcbkQT ;XXk � kF0k þ cFkT�2X0
�1MX�1b0k þ T�1=2cbcFdkQT ;XXkg:

Now using (A.10), and recalling that under our assumptions kO�1ak and kF0k are

bounded, it follows that

sup
f�2NT ðf0;dÞ

kðO�1a� T1=2b0�QT ;XX ÞFðf�Þ � ðO
�1a� T1=2b00QT ;XX ÞFðf0Þk

is bounded by an Opð1Þ variable and therefore ðO�1a� T1=2b0QT ;XX ÞFðfÞ satisfies

the SE0 condition.

Finally, for the term F0ðfÞða0O�1a� T�2X0
�1MX�1ÞFðfÞ, we first note that

F0ðf�ÞðA�QT ;XX ÞFðf�Þ � F0ðf0ÞðA�QT ;XX ÞFðf0Þ

¼ ½Fðf�Þ � Fðf0Þ	
0
ðA�QT ;XX ÞFðf0Þ þ Fðf0Þ

0
ðA�QT ;XX Þ½Fðf�Þ � Fðf0Þ	

þ ½Fðf�Þ � Fðf0Þ	
0
ðA�QT ;XX Þ½Fðf�Þ � Fðf0Þ	;

where A ¼ a0O�1a belongs to a compact set. Hence

sup
f�;2NT ðf0;dÞ

kF0ðf�ÞðA�QT ;XX ÞFðf�Þ � F0ðf0ÞðA�QT ;XX ÞFðf0Þk

< 2T�1=2cFdkA�QT ;XXk � kFðf0Þk þ T�1c2
Fd

2
kA�QT ;XXk:

It then readily follows that F0ðfÞða0O�1a� T�2X0
�1MX�1ÞFðfÞ also satisfies the

SE0 condition.
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A.4 Proof of Theorem 5.1

Using the Lagrangean function,

Lðw; kÞ ¼ ‘T ðwÞ � Tk0hðhÞ; ðA.13Þ

where k is a k � 1 vector of the Lagrange multipliers, the constrained ML

estimators, ĥh and k̂k, satisfy the following first order-conditions:

q‘T ðŵwÞ

qq
¼ 0;

q‘T ðŵwÞ

qh
� TH0ðĥhÞk̂k ¼ 0; hðĥhÞ ¼ 0: ðA.14Þ

Using the mean-value expansion of q‘T ðŵwÞ=qw around w0, we have

q‘T ðŵwÞ=qq

q‘T ðŵwÞ=qh


 �
¼

q‘T ðw0Þ=qq

q‘T ðw0Þ=qh


 �

�
�q2‘T ð �wwÞ=qqqq

0 �q2‘T ð �wwÞ=qqqh
0

�q2‘T ð �wwÞ=qhqq
0 �q2‘T ð �wwÞ=qhqh

0

" #
ðq̂q� q0Þ

ðĥh � h0Þ

" #
;

ðA.15Þ

where the ði; jÞ element of ð�q2‘T ð �wwÞ=qwqw
0Þ is evaluated at ð �wwi; �wwjÞ, and �wwi is a

convex combination of ŵwi and wi0. In view of the consistency results in Theorem

4.1 and the stochastic equicontinuity for the sample information matrix proved in

Section A.3 above, we have

J T ð �wwÞ ¼ DwT

�q2‘T ð �wwÞ

qwqw0
DwT ) Jðw0Þ; ðA.16Þ

where J ðw0Þ is defined by (5.4). Similarly,

Hðh0Þðĥh � h0Þ ¼ hðĥhÞ � hðh0Þ þ opð1Þ: ðA.17Þ

Notice that under the null hypothesis hðh0Þ ¼ 0. Using the first-order conditions

(A.14) in (A.15) and (A.17), and then using (A.16) we obtain (after some algebra)

J rrðw0Þ 0 0

0 J yyðw0Þ H0ðh0Þ

0 Hðh0Þ 0

2
4

3
5

ffiffiffiffi
T

p
ðq̂q� q0Þ

T ðĥh � h0Þ

k̂k

2
4

3
5 ¼

dðq0Þ

dðh0Þ

0

2
4

3
5þ opð1Þ;

ðA.18Þ

Because J yyðf0Þ is singular, a direct manipulation of (A.18) is not possible.

However, this problem can be overcome following Silvey’s (1959) approach. Since

Hðh0ÞTðĥh � h0Þ ¼ opð1Þ, and therefore HAðh0ÞTðĥh � h0Þ ¼ opð1Þ, we can rewrite

(A.18) as
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Jrrðw0Þ 0 0

0 Jyyðw0Þ H0ðh0Þ

0 Hðh0Þ 0

2
4

3
5

ffiffiffiffi
T

p
ðq̂q� q0Þ

T ðĥh � h0Þ

k̂k

2
4

3
5 ¼

dðq0Þ

dðh0Þ

0

2
4

3
5þ opð1Þ;

ðA.19Þ

where Jyyðw0Þ ¼ J yyðw0Þ þH0
Aðh0ÞHAðh0Þ is a positive definite matrix with

probability 1. Note that HAðh0Þ has rank r2, and the rank of J yyðw0Þ is equal to

mr � r2, with probability 1. Therefore,ffiffiffiffi
T

p
ðq̂q� q0Þ

T ðĥh � h0Þ

k̂k

2
4

3
5 ¼

J
�1
rr ðw0Þ 0 0

0 Vyyðw0Þ Vylðw0Þ

0 V0
ylðw0Þ Vllðw0Þ

2
4

3
5 dðq0Þ

dðh0Þ

0

2
4

3
5þ opð1Þ;

ðA.20Þ
where Vyyðw0Þ is defined by (5.8) and

Vylðw0Þ ¼ J�1
yy ðw0ÞH

0ðh0ÞfHðh0ÞJ
�1
yy ðw0ÞH

0ðh0Þg
�1;

Vllðw0Þ ¼ �fHðh0ÞJ
�1
yy ðw0ÞH

0ðh0Þg
�1: ðA.21Þ

Then, (5.7) readily follows from (5.3) and (5.4). The expression for the covariance

matrix in (5.8) can also be easily obtained using the following results:

Vyyðw0ÞH
0ðh0Þ ¼ 0;

Vyyðw0ÞJ yyðw0ÞVyyðw0Þ ¼ Vyyðw0Þ½Imr �H0ðh0ÞVylðw0Þ	 ¼ Vyyðw0Þ;

which can be derived from inversion of the bordered matrix in (A.19). j

A.5 Proof of Theorem 5.2

Using a similar procedure as in the proof of Theorem 5.1, we haveffiffiffiffi
T

p
ð~qq� q0Þ�

a
Nf0;J�1

rr ðw0Þg and T ð ~hh � h0Þ �
a

MNf0;VA
yyðw0Þg;

ðA.22Þ

where

VA
yyðw0Þ ¼ J�1

yy ðw0Þ � J�1
yy ðw0ÞH

0
Aðh0ÞfHAðh0ÞJ

�1
yy ðw0ÞH

0
Aðh0Þg

�1

�HAðh0ÞJ
�1
yy ðw0Þ; ðA.23Þ

is a random matrix, having rank mr � r2 with probability 1.

Also in view of the consistency results in Theorem 4.1 and the stochastic

equicontinuity results established in Section A.3, we are justified to write down the

following Taylor series approximations of ‘T ðŵwÞ and ‘T ð �wwÞ around w0:

‘T ðŵwÞ ¼ ‘T ðw0Þ þ d0ðq0Þ
ffiffiffiffi
T

p
ðq̂q� q0Þ þ d0ðh0ÞTðĥh � h0Þ �

1

2
f
ffiffiffiffi
T

p
ðq̂q� q0Þ

0

J rrðw0Þ
ffiffiffiffi
T

p
ðq̂q� q0Þ þ T ðĥh � h0Þ

0
J yyðw0ÞT ðĥh � h0Þg þ opð1Þ;

ðA.24Þ

and
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‘T ð ~wwÞ ¼ ‘T ðw0Þ þ d0ðq0Þ
ffiffiffiffi
T

p
ð~qq� q0Þ þ d0ðh0ÞT ð

~hh � h0Þ �
1

2
f
ffiffiffiffi
T

p
ð~qq� q0Þ

0

J rrðw0Þ
ffiffiffiffi
T

p
ð~qq� q0Þ þ T ð ~hh � h0Þ

0
J yyðw0ÞTð

~hh � h0Þg þ opð1Þ:

ðA.25Þ

Using (5.7) in (A.24), and (A.22) in (A.25), substituting the results in (5.6), now

yields

LRT ¼ d0ðh0Þ½V
A
yyðw0Þ � Vyyðw0Þdðh0Þ þ opð1Þ: ðA.26Þ

Next, let P ¼ Lk �H�ðH
0
�H�Þ

�1H0
� and PA ¼ Ik �HA�ðH

0
A�HA�Þ

�1H0
A�, where

H� ¼ J
�1=2
yy ðw0ÞH

0ðh0Þ and HA� ¼ J
�1=2
yy ðw0ÞH

0
Aðh0Þ. Then, using (5.8) and (A.23),

we have

Vyyðw0Þ ¼ J
�1=2
yy ðw0ÞPJ

�1=2
yy ðw0Þ and VA

yyðw0Þ ¼ J
�1=2
yy ðw0ÞPAJ

�1=2
yy ðw0Þ:

Substituting these results in (A.26) we have

LR ¼ u0ðPA � PÞuþ opð1Þ; ðA.27Þ

where u ¼ J
�1=2
yy ðw0Þdðy0Þ. Using (5.3), and (4.31) it is then easily seen that

u�
a

N ð0;SuÞ, where Su ¼ J
�1=2
yy ðw0ÞJ yyðw0ÞJ

1=2

yy ðw0Þ ¼ Imr �H0
Aðh0ÞHAðh0Þ.

Notice that Su is a non-stochastic matrix with rank mr � r2. Then, by Theorem

9.21 of Rao and Mitra (1971, p. 171), it follows that the quadratic form,

u0ðPA � PÞu, is w2 distributed with degrees of freedom equal to Tr½ðPA � PÞSu	

if and only if SuðPA � PÞSuðPA � PÞSu ¼ SuðPA � PÞSu, or ½SuðPA � PÞ	3 ¼

½SuðPA � PÞ	2. Now note that

SuðPA � PÞ ¼ fImr �H0
Aðh0ÞHAðh0ÞgðPA � PÞ

¼ PA � P�H0
Aðh0ÞHAðh0ÞPA þH0

Aðh0ÞHAðh0ÞP ¼ PA � P:

Since PA � P is an idempotent matrix, we also have

½SuðP� PAÞ	
2
¼ ½SuðP� PAÞ	

3
¼ P� PA:

Therefore, the quadratic term in (A.27) is asymptotically w2 distributed with

degrees of freedom equal to Tr½ðPA � PÞSu	 ¼ TrðPA � PÞ ¼ k � r2. j
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