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LONG-RUN STRUCTURAL MODELLING

M. Hashem Pesaran' and Yongcheol Shin®

'Trinity College, Cambridge, UK
“Department of Economics, University of Edinburgh,
Edinburgh, Scotland

ABSTRACT

The paper develops a general framework for identification, estimation, and
hypothesis testing in cointegrated systems when the cointegrating coefficients
are subject to (possibly) non-linear and cross-equation restrictions, obtained
from economic theory or other relevant a priori information. It provides a
proof of the consistency of the quasi maximum likelihood estimators (QMLE),
establishes the relative rates of convergence of the QMLE of the short-run and
the long-run parameters, and derives their asymptotic distributions; thus
generalizing the results already available in the literature for the linear case.
The paper also develops tests of the over-identifying (possibly) non-linear
restrictions on the cointegrating vectors. The estimation and hypothesis testing
procedures are applied to an Almost Ideal Demand System estimated on U.K.
quarterly observations. Unlike many other studies of consumer demand this
application does not treat relative prices and real per capita expenditures as
exogenously given.

Key Words: Cointegration; Identification; QMLE; Consistency; Asymptotic
distribution, testing non-linear restrictions; Almost Ideal Demand Systems

JEL Classifications: C1, C3, D1, El.

1. INTRODUCTION

There are two main system approaches to the estimation of cointegrating
relations: Johansen’s (1988; 1991) fully parametric approach based on a vector
autoregressive error correction model, and Phillips’ (1991; 1995) semi-parametric
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procedure based on a triangular formulation of a vector error correction model. In
the general case where there are » cointegrating (or long-run) relations amongst the
m(> r) integrated (or I(1)) variables in the error correction model, the exact
identification of the long-run relations requires the imposition of r linearly
independent a priori restrictions on each of the r cointegrating relations.
Johansen’s solution to the identification problem, often referred to as the
“empirical” or “statistical” approach, is implicit in the choice of the numerical
solution to the reduced rank regression problem. In contrast, the scheme employed
by Phillips is based on an a priori decomposition of the /(1) variables, x,, into an
r x 1 vector, Xx;,, and an (m — r) x 1 vector, X,,, such that x,, are not cointegrated
amongst themselves, namely it is assumed that the variables x,, are the common
stochastic trends.! Both of these approaches are based on restrictive assumptions
and cannot accommodate the diversity of long-run relations encountered in
practice.” They seem to have been adopted for their mathematical convenience
rather than their plausibility from perspective of a priori theory. A more general
approach is desirable.

In this paper we consider the problem of identification, estimation, and
hypothesis testing in cointegrated systems subject to general non-linear restrictions
on the cointegrating vectors. We explicitly deal with the long-run identification
problem and derive rank and order conditions for identification of the cointegrating
vectors, allowing for parametric restrictions across the cointegrating relations as
well as for restrictions on individual cointegrating vectors. Our approach empha-
sizes the use of economic theory and does not require the a priori decomposition
of the system variables as in Phillips (1991). Nor does it involve the type of
empirical identification implicit in Johansen’s (1988; 1991) reduced rank regres-
sion approach to estimation of the long-run relations.

It is often taken for granted that the quasi maximum likelihood estimators
(QMLE) in a cointegrated vector autoregressive (VAR) model are consistent, but
to our knowledge no general proof of the consistency of QMLE of the cointegrat-
ing vectors is available in the literature.®> The difficulty lies in the fact that the
average log-likelihood function does not have a finite limit when the underlying
variables are trended, and standard proofs of consistency and asymptotic normality
of the QMLE are therefore not applicable. This problem has been addressed in
Saikkonen (1995) in the context of a relatively simple model, where he provides a
proof of the consistency of the QMLE of the long-run parameters conditional on
the true values of the short-run parameters and vice versa, and establishes the

'Alternatively, such variables can be viewed as long-run forcing with respect to x,,, to use the
terminology in Pesaran et al. (2000).

20On this see also Pesaran (1997), and Garratt et al. (2001).

3A proof of the consistency of the least squares estimator of an exactly identified cointegrating vector
is given by Stock (1987).
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asymptotic normality of the QMLE. Building on Saikkonen’s (1993b; 1995) work,
this paper provides a formal proof of the consistency and super-consistency of the
QMLE of short-run and long-run parameters, respectively, allowing for general
non-linear restrictions on the cointegrating coefficients. It further establishes
stochastic equicontinuity conditions for the weak convergence of the sample
information matrix and derives the asymptotic distribution of the QMLE. Finally,
it establishes the validity of the standard y? tests for testing general non-linear
over-identifying restrictions on the cointegrating vectors.

The estimation and testing procedures are then applied to an Almost Ideal
Demand System estimated for three non-durable expenditure categories using UK
quarterly observations over the period 1955(1)-1993(2). The application provides
an example where economic theory predicts cross-equation restrictions on the
long-run relations.

The plan of the paper is as follows. Section 2 sets out the vector error
correction model, distinguishes between the identification of the short-run and
long-run coefficients, and derives rank and order conditions for identification of
the long-run parameters. Section 3 introduces the quasi log-likelihood function
and briefly reviews the approaches of Johansen and Phillips to the identification
problem. Section 4 provides the asymptotic theory of the QMLE under general
non-linear restrictions on the cointegrating vectors. The proof of consistency of the
QMLE and their relative rates of convergence are established in sub-section 4.1.
Sub-section 4.2 derives the asymptotic distribution of the QMLE. Section 5 gives
the asymptotic theory relevant to testing the over-identifying restrictions on
cointegrating vectors. Section 6 presents the empirical application, and Section 7
offers some concluding remarks. Some of the mathematical derivations and proofs
are provided in the Appendix.

The following notation will be used throughout: The symbol = signifies
weak convergence in probability measure, < asymptotic equality in distributions,
MN mixture normal, /(d) an integrated variable of order d, Tr(-) the trace of a
matrix, vec(-) columns of a matrix stacked into a column vector, vech(-) elements
on and below the main diagonal of a symmetric matrix stacked into a column
vector, I,, an identity matrix of order m, diag[-] a diagonal matrix, and
A = [Tr(AA’)]"/? the Euclidean norm of A.

2. THE MODEL AND THE TWO IDENTIFICATION PROBLEMS
Consider the following VAR(p) model in an m x 1 vector of I(1)
variables, X,:
AOXt:b0+blt+AlXt—l+”'+Apxt—p+ct’ t:1,2,...T, (21)
where p, the order of the VAR, is assumed known, b, and b, are m x 1 vectors of

unknown coefficients, A;,, i=0,1,...,p, are m X m matrices of unknown
parameters, A, is non-singular, ¢, is an m x 1 vector of (structural) disturbances,
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and the initial values, Xy, X_, ..., X_,,, are assumed to be given. For cointegra-
tion analysis it is convenient to rewrite Equation (2.1) as
p—1
AgAX, =by + bt —A(Dx,_ + > WAX,_ +§. t=12...T, (22
i=1
where ¥; = =3 | A;, and A(1) = Ay — >/ A;. The equilibrium properties
of (2.2) are characterized by the rank A(1). If A(1) is of rank (0 < r < m), then
A(1) can be expressed as

A(l) = (X*ﬂ/,

where a, and f are m x r matrices of full column rank, and f'x, gives the 7 linear
combinations of x, that are cointegrated.

The two forms of the model given by (2.1) and (2.2) highlight the two types
of identification problem that are present in structural modelling with /(1)
variables. The first is the traditional identification problem and involves the
identification of the contemporaneous coefficients, A, and the short-run dynamic
coefficients, A; ..., A,. The second concerns the identification of the long-run
coefficients, ff, which arises only when the x,’s are /(1). As the above derivations
make clear, the identification of the coefficients in Aj, j=0,1,...,p, does not
provide information on those of f#, and knowledge of B does not necessarily
provide information with which to identify the short-run dynamics. For example,
without a priori restrictions the cointegrating vectors of the model are only
identified up to a non-singular linear transformation, since for any non-singular
r X r matrix, Q, &, = Q! and f = pQ give the same value of A(1), and
therefore (e, f) and (e, f) cannot be distinguished using data alone.

The focus of this paper is on long-run structural modelling. It considers the
problem of identification and estimation of the long-run coefficients, #, and
assumes that the short-run coefficients, Ay, A, ..., A, as well as the structural
loading coefficients, ., are unrestricted.* Consequently, we pre-multiply (2.2) by
Ay, and work with the autoregressive vector error correction (VEC) model,

p—1
Ax,=ay+a;t—TIx,_ + Y TAx,  +e t=12,...T (2.3)
i=1
where
a,=Ag'by,a, =Ay'b,, T, =AW, T = A;'A(1) and ¢, = Ay '¢,.
Notice that
I1=af, (2.4)

where & = A; ',

“*Identification of the structural parameters can also be achieved by decomposing the variables into
endogenous and exogenous and/or by restricting the loading coefficients and the covariance matrix
of the structural errors, {,. See, for example, Pesaran and Smith (1998) and Wickens and Motto
(2001).
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We develop a general maximum likelihood (ML) theory for the analysis of
cointegrated systems subject to non-linear restrictions on the cointegrating
coefficients in the context of the following VAR version of the model (2.3):

OL)yx, =a,+P(1)et+¢, t=1,2,...,T, (2.5)

where ®(L) =1, — Y7, ®,.L/, ®;, = Ay'A,, i =1,2,...,p, cis an m x 1 vector
of unknown coefficients and the trend coefficients, a;, = ®(1) ¢, are appropriately
restricted so that the deterministic component of x, is linearly trended for all values
of r.°

To ensure that x, are at most /(1) and to rule out the possibility of explosive
or seasonal unit roots we assume:

Assumption 2.1
All the roots of the characteristic equation, |I,, — ®;z —--- — ®,2| = 0, are
either on or outside the unit circle.

Assumption 2.2

o/ I'(1)B has full rank, where I'(1) =1, — Z{:ll I', and | and f, are
m x (m — r) matrices of full column rank such that ', =0 and g/, = 0.

Under the above assumptions we have®

Ax,=u+CL), t=1,2,...,T, (2.6)

where u = C(1)a, + ¢,

Cl) =) CL'=C)+(1-0)CL), Cy=1, (2.7)
i=0
C'(L)=> CL, (2.8)
i=0

and’

C(1)@(1) = C(DHIT =0, cC'(HII=1,. (2.9)
Solving for x,, we now have

x, =Xy +ut+C(l)s, + C*(L)e,, t=12,...,T, (2.10)

where s, = er':l ¢. The condition for cointegration is given by®

C'(HB = 0. @2.11)

5If a, is left unrestricted, as shown in Pesaran et al. (2000), the mean of the process {x,}°°, will be a
function of m — r independent quadratic trend terms, with x, having different deterministic trending
behavior for different values of the cointegrating rank 7.

%See Johansen (1991; Theorem 4.1, p. 1559).

"Crsatisfy the recursions, C;=C; @, +Ci, D)+ -+ C,®, for i=1,2,.., with
C; =1, —C(1) and C; =0,i < 0. Summing these relations across i =0, 1,2, ..., it follows that
C*(HII =1,

8See Engle and Granger (1987).
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Finally, pre-multiplying (2.10) by #’ we have

Bx,=Bx+ B+ BB, (2.12)

i=0

where B, = Z;-:o C,. It is clear that the cointegrating relations B'x, will contain r
different deterministic trends, characterized by the » x 1 vector, f'c.

2.1 Identification of the Long Run Parameters: Rank and Order Conditions

When IT is of full rank m, then IT and the other parameters of (2.3) are
identified under fairly general conditions, and can be consistently estimated by
OLS. See, for example, Liitkepohl (1991). However, if the rank of II is » < m,
then IT is subject to (m — r)* non-linear restrictions, and therefore determined
uniquely in terms of the m? — (m — rY? = 2mr — i underlying unknown para-
meters.

We shall assume that « is unrestricted and has full column rank and
concentrate on the case where the identifying restrictions are imposed only on
p. We suppose that an mr x 1 vector 0 = vec(f) satisfies the non-linear restric-
tions,

0 =1(¢), (2.13)
where ¢ is an s x 1 vector of unknown parameters. In particular we assume:

Assumption 2.3

Kk =vec(a) € Y, and ¢ € Y, where Y, and Y, are compact subjects of R™"
and R’ respectively, with their true values, x, and ¢, being interior points of Y.
and Y. a has the full column rank r for all k € Y, and the mapping f, defined by
(2.13), is continuously differentiable such that an mr xs matrix
F(¢) = 0f(¢)/0¢’, has the full column rank s for all ¢ € Yy

A necessary and sufficient condition for identification of the long-run
coefficients can be derived using (2.11). Denoting the true value of C(1) by
C,(1), it must be the case that

Co(D)B(¢p) =0 if and only if ¢ = ¢,. (2.14)

Vectorizing the left hand side of (2.14), and using the mean-value expansion of
0 = f(¢) around ¢,, we have

ve[Co(DA($)] = [I, ® Co(DIf(¢) = [1, ® CHDIF(P)(D — o), (2.15)

where the (7,/) element of F((}) is evaluated at (q?)i, (?)j), and (?)i is a convex
combination of ¢, and ¢,. For (2.14) to hold, an mr x s matrix [I, ® C;(1)]F(¢)
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must have full column rank for all ¢ € Y, namely the following rank condition
must be satisfied

Rank {[I, ® Co(D)]F(p)} =s forall ¢ €Y, (2.16)

where s < mr — 2.

The above identification condition is difficult to use in practice, but is needed
in our proof of the consistency of the QMLE. (See Section 4.1 below.) Theory
restrictions on the cointegrating vectors, 8 = vec(f8), often take the form of direct
zero-one type restrictions on the elements of @ rather than indirectly through f(¢).”
It is therefore useful to consider the problem of identification and testing of over-
identifying restrictions when @ is subject to the following k general non-linear
restrictions:

h(0) = 0, (2.17)

where 0 € @, 0 C R™, h(0) = (h,(0), hy(0), ..., h(0)), and h(0),i = 1,2, ...,
k, is a known continuously differentiable scalar function of 8. Let 8, = f(¢,) be
the true value of @, and assume that H() = Oh(#)/060’ has the full rank k( < mr)
for all 8 € Y, where Y, = © N {h(f#) = 0}. (See also Assumption 5.2 below.)

The analysis of identification of the cointegrating vectors can now be
approached noting that I, = oy = agQ Q'S = aff’, where Q is any arbi-
trary 7 x r non-singular matrix. Vectorizing f# = f,Q we obtain

0= (1, ® fy)vec(Q). 2.18)
Consider now the mean value expansion of h(6) around 0,
h(0) = h(8,) + H(0)(0 — 0,), (2.19)

where the (i,;) element of H(@) is evaluated at (éi, éj), and é[ is a convex
combination of 0; and 0;. Under (2.17) we have

H(0)0 = b(8, 6,), (2.20)

where b(0, 8,) = H(0)0, — h(6,) # 0. Substituting for @ from (2.18) in (2.20)
yields

H(O)(1, ® fip)vec(Q) = b(B. 6,), (2.21)
and a unique solution exists for vec(Q) if and only if
Rank {H(O)I, ® B,)} =r*, forall 0eY,. (2.22)

This condition can be viewed as the dual of the rank condition (2.16).

A necessary condition for (2.22) to hold is given by the order condition,
k > r*. Since s + k = mr, this order condition is equivalent to the order condition
implied by (2.16). It is important, however, to note that for the rank condition to be

°See, for example, the theory restrictions on the five long-run relations in Garratt et al. (2001).
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satisfied the * exact identifying restrictions must be distributed across the r
different cointegrating vectrors such that there are r restrictions per each of the r
cointegrating vectors.

3. THE QUASI MAXIMUM LIKELIHOOD ESTIMATORS

Writing the VEC model, (2.3), in matrix notation, we have the following
system of regression equation:

AX =ZA +YI' — X_,IT' +E, (3.1

where X = (x,X,,...,X;), t=(1,1,...,1), t=(1,2,....7), Z=(z,1),
Y = (AX_,AX,, ..., AX 1)), E=(¢, 5, .. er), A=(apa), and
r=a,rm,, ..., l"p_l)' are 2xm and m(p — 1) x m matrices of unknown
coefficients, respectively. Conditional on the initial values, X_piis -5 X and
proceeding as if the disturbances were normally distributed the quasi log-like-
lihood function associated with (3.1) is given by

T 1 /
tr(a, @)z — S In Q| - ETr[g—l(AX _ZA— YT +X_,IT)
 (AX — ZA — YT + x,ln/)], (3.2)

where a =vec(A), ¢ =, x, ¢, o), with y=vec(I), K =vec(a), and
o = vech(Q). The computation of the quasi maximum likelihood estimators
(QMLE) is complicated due to the rank deficiency of II. To deal with problem
Johansen (1988; 1991) uses the reduced rank regression method originally
developed by Anderson (1951). He first concentrates out all the known parameters
except for f to obtain the following concentrated log-likelihood function

T .

Cr(B) —Eln QB (3.3)

where
A 1SoolIB'A7BI
QP = — > (3.4)
DI=""\pB,p

Ar =S — S840 So1 By =8, (3.5)
T

Sl] = T_l Zritrj/‘t’ l,] = O, 15 (3'6)
=1

and r, and r,, are the residual vectors from the regressions of

Ax, and x,_; on (1,4, AX,_y, ..., AX,_,.),



10: 21 4 January 2010

Downl oaded At:

LONG-RUN STRUCTURAL MODELLING 57

respectively.'® Substituting (3.4) in (3.3) we have

£B— (B ALB ~ n 7B ). (37)

It is now easily seen that unconstrained maximization of £7(f) will not lead
to a unique estimator of f. For any QMLE of g, say 8, Bz = p,Q will also give
the same value for the maximized log-likelihood function, where Q is any arbitrary
non-singular r x r matrix. More formally, independently of the observation
matrices, Ay and By, we have £,(f,) = £;(Bp).

3.1 Johansen’s Empirical Identification Scheme

The just-identifying restrictions utilized in Johansen’s estimation procedure
involve observation matrices, Ay and B, and are often referred to as “empirical”
or “statistical” identifying restrictions, as compared to a priori restrictions on f#
specified, for example, by (2.13) which are independent of particular sample values
of A; and B;. The r? exact identifying restrictions employed by Johansen are
implicit in the eigenvector problem associated with Anderson’s solution to the
reduced rank regression problem. Johansen’s exactly identified estimator of f,
which we denote by f,, are obtained as the first » eigenvectors of By — A with
respect to B, subject to the following “(ortho-)normalization” and “orthogona-
lization” restrictions:

ﬁ/JBTﬁJ =1, (3.9)
ﬁ}i(Br—Ar)ﬁJj=0, i#j, Lj=1,2,...,r, (3.9)

where ﬁ ; tepresents an ith column of ﬁ ;. The conditions (3.8) and (3.9) together
exactly impose the r? just-identifying restrictions on B, with (3.8) supplying
r(r 4+ 1)/2 restrictions and (3.9) further r(r — 1)/2 restrictions. See Anderson
(1984, Appendix A. 2). It is clear that the above 7 restrictions are adopted for their
mathematical convenience and not because they are inherently of interest in
econometric applications.

'%In general, the computation of A, and B, depends on the intercept-trend specifications used in the
VEC model. There are five different cases: Case (1) No intercepts and no trends. Case (2) Restricted
intercepts and no trends. Case (3) Unrestricted intercepts and no trends. Case (4) Unrestricted
intercepts and restricted trends. Case (5) Unrestricted intercepts and unrestricted trends. For details
see Pesaran et al. (2000). For example, in the case of model (2.3), where the trend coefficients are
restricted, ry, should be computed as residuals from the regression of Ax, on (1, Ax,_y, ..., Ax,_, ),
and r, as the residuals from the regression of (¢, x,_;) on (1, Ax,_1, ..., Ax,_,1)- In the case of the
empirical application provided in Section 6, Case 2 is relevant and r,, should be computed as
residuals from the regression of Ax, on (Ax,_;,...,Ax, ), and ry, as the residuals from the
regression of (1, x)_,)" on (AX,_j, ..., Ax,_pi).
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3.2 Phillip’s Identification Procedure

The identification scheme employed by Phillips (1991; 1995) is based on an
a priori decomposition of x, into an » x 1 vector x,,, and an (m —r) x 1 vector
X,;, such that x,, are not cointegrated among themselves. Under this decomposi-
tion the number of the cointegrating relations, 7, is a priori known.'" In the context
of the VEC model (2.3) this decomposition implies the following restrictions on I1

l_[11 le
_ r Xr rXxm-—r _ /
= 0 0 =af,

m—rXxXr m—rXxXm-—r
where I1;, is a non-singular matrix,

l_[ll Ir

() o-(v)
and P = (IT;]'T1;,)". Under Phillip’s identification scheme the 72 exactly identify-
ing restrictions are placed on the first » rows of f8, by setting the coefficients of x;;,
in long-run relations, #'x,_;, equal to an identity matrix. Notice also that the
scheme imposes further (m — r) x r restrictions on the loading coefficient matrix,
o. The latter restrictions are not necessary for identification of the long-run
relations and stem from the subsidiary assumption that x,, are not cointegrated
among themselves.

Phillips’ procedure differs from Johansen’s in two respects. First, Johansen
requires a fully-specified dynamic model, while Phillips does not.'? Second, more
importantly from the perspective of this paper, Johansen employs “empirical”
identification restrictions, while Phillips relies on the triangular characterization to
achieve the 7? just-identifying restrictions needed for a unique estimation of the
cointegrating vectors. Though the identification restrictions used by Phillips do not
involve sample observations, it is based on a secondary set of restrictions on o that
are not needed for indentification of the long-run relations and in general need not
hold in practice.

More recently, Johansen (1995) has developed an eigenvalue routine for
testing linear homogeneous restrictions imposed on one cointegrating vector at a
time, implicitly assuming that the unrestricted part of the cointegrating space is
exactly-identified. But he does not allow for non-linear restrictions or restrictions
across different cointegrating vectors. Using Phillips’ triangular framework,
Saikkonen (1993a) has considered estimation of cointegrating vectors subject to
linear restrictions, and develops tests of the validity of the restrictions. His
procedure, however, requires a priori decomposition of m integrated variables in

A similar set-up is also considered more recently by Wickens and Motto (2001).
?However, Johansen’s approach allows one to test for the number of cointegrating relations while in
Phillips’ framework the number of cointegrating relations are assumed as given.
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the system into » and m — r subsets, such that the variables in the latter are not
cointegrated, as in Phillips.

4. ASYMPTOTIC THEORY FOR QMLE UNDER GENERAL
NON-LINEAR RESTRICTIONS

4.1 Consistency of the QMLE

In the literature it is taken for granted that the QMLE of a cointegrated VAR
model are consistent. But to our knowledge no general proof of the consistency of
the QMLE of the cointegrating vectors is available in the literature.'® Here we
provide such a proof which is valid under relatively general assumptions about the
distribution of the error process and irrespective of the trending or cointegrating
properties of x,.'* Due to the unit-root and cointegrating properties of the model the
consistency proof involves two stages. In the first stage we establish that the QMLE
of the long-run coefficients, f(¢), are consistent. Based on this result we shall then
proceed to prove the super-consistency of the long-run coefficients and the
consistency of the short-run coefficients. To simplify the exposition we shall abstract
from the analysis of the deterministic coefficients, a, and a;, and work with a
likelihood function that concentrate out these parameters. Using (3.2) we have:

T 1
L(p) —~In Q| — ETr[Q—‘(AX — YT+ X_,ITYM(AX — YT + X_,IT")],
(4.1)

where M = I, — Z(Z'Z)"'Z..
We now provide a proof of the consistency of the QMLE of ¢ under the
following assumptions:

Assumption 4.1
The m x 1 vector of errors, ¢,, is such that

(@) E(glF,_;) = 0and Var(e,|F,_) = Q where F,_| = (X,_1, X,_2, X,_3, ...)
is a non-decreasing information set, and Q is a positive definite
symmetric matrix;

(b) suptE(lls,llj) < oo for some j > 2.1

13As note in the introduction, the difficulty lies in the fact that the average log-likelihood function
does not have a finite limit when X, is trended, and hence the usual proof of the consistency of the
QMLE along the lines set out, for example, in Davidson and MacKinnon (1993, Section 8.4) will not
be applicable.

'“This approach can be readily applied to the analysis of models with more complicated trends, or to
cases where the nature of the trend depends on the values of one or more unknown parameters of the
model.

SFor a discussion of this assumption in the VEC models see, for example, Pesaran et al. (2000).
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Assumption 4.2

€ Y,, where Y, =Y, x Y, x Yy x Y, is a compact subset of R" with
h, = m*(p—1)+mr+s+ %m(m 4+ 1). The true value of ¢, denoted by
9o = (V). kg d. @), is an interior point of Y.

Partition ¢ = (¢, p')’ into the long-run parameters, ¢, and the short-run
parameters, p = (', k', @’). Let ¢ be the QMLE of ¢. As noted by Saikkonen
(1993b; 1995), proving the consistency of ¢ is complicated in models with unit
roots due to the fact that the QMLE of the short-run parameters, p = (¥/, k', &),
and those of the long-run parameters, ¢, converge to their true values at different
rates. In the context of a relatively simple model, Saikkonen (1995, Section 5.3)
provides a proof of consistency of the QMLE of the long-run parameters
conditional on the true values of the short-run parameters and vice versa.

In this sub-section we consider the convergence properties of

T_I[ET((pO) —Lr(9)]

and show that

p—po=0,(1). and ¢ — ¢, =0, (T"'/?). (4.2)

Using (4.1), it is easily seen that

T ler(po) — 1) = 5 (Ar + By), 43)
where

Ar = —In|Q7'Q)| — Tr[(Q ' — Q" HT'E'ME], (4.4)
and

By = Tr{Q'[T7Y(AX — YT + X_,ITYM(AX — YT + X_,IT') 45)
— T-'E'ME]}. '

But under the data generating process AX = ZA,+ YT, — X_,IT; + E, and
noting that MZ = 0 we have

By = T~ 'Tr{Q7'[Y(I'y — I)—X_,(IT,—IT) + E/M[Y(I', — I')
—X_ (T, — ) + E]} — Tr[Q (T"'E'ME)] (4.6)
Also
IM-T1I, = af - ayfy = (@ — ag)fy +af — ),

where for notational convenience we are denoting f(¢) and f(¢,) by p and B,
respectively. Using this result in (4.6) and noting that Tr(ABCD) =
(vecD)' (A @ C')vecB','¢ then after some algebra we obtain:

163ee, for example, Magnus and Neudecker (1988, p. 31).
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o Y'MY
BT:(V—?O)(QI@) T )(”/‘Vo)

+ (IC _ KO)/<QI ®ﬂ6X/1D;X1ﬂO>(K _ KO)

+ 00y (a/ﬂla ® %)(0 ~0,)
[ YMX_

=26 - 50(27 8 X e
. YMX_

-2 - 30)(2 N o - )

+2(k — xo)’<9‘a ® %) @ —0,)

—2( =) (9‘ ® Y/ME)vec(m

+2(r — x) (Q_l ® w) vec(l,,)

+2(0 — 00)’[0/9—1 ® XLTME] vee(l). 4.7)

Define the open balls,
B(yg, 0,) ={y € X, : Iy — poll < 9,1},
B(ry, 0,) = {k € Yot Ik — Kl < 9},
B(¢g, 09) = 1{d € Yy : lld — gl < Iy},
B(wgy, d,) ={we Y, : ||o—owy| <d,},
and their complements

By, 0,) =y e X,y —pll = 9,},
B(icy,0,) = {k € Y. : |lx — Kol > J,.},
B(¢o» 0p) ={p €Yy :lld— ol = 9y,
B(wg, 6,) ={w e Y, : [lo—wyl > J,}

To prove the consistency of the QMLE of the long-run parameters ¢ (namely (}5), it
is sufficient to show that for all values of p € Y, = Y, x Y. x Y, and for every
5, >0,

¢ s

lim Pr inf  T7'[lr(py) — Lr(p)] > 0} =1. (4.8)

T—oo @€B(y.34)x Y,

The sufficiency of (4.8) for consistency of the extremum estimators such as QMLE is established
for example by Wu (1981). See also Saikkonen (1995, p. 903).
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Using (A.4), (A.8), (A.9) and (A.10) in Appendix A.2, and under Assumption 4.2,
it is easily seen that except for the third term in (4.7), all other terms of
Tt (py) — ()] are at most O,(1). Therefore,

S_,MS
27 [t1(py) — Er(p)) = T(0 00)’[a/91a ® co(l)%co(l)’]

x (0 — 0) + 0,(1), (4.9)

where S_| = (s, 8;,....87_,), s, =s,_ | +¢, t=1,2,..., with s, = 0. Hence
upon using (2.15),

2T [tr(py) — £r()] = T($p — $0) Qr.46(d — dg) + O, (1),

where

Qg =11 ® co(l)’F@)}/]{a’Qla ® %} {[I, ® Co()IF(@)},
(4.10)

and the (i, j) element of F(gb) is evaluated at ((j),, gb) and (j) is a convex
combination of ¢, and ¢;. By the rank condition (2. 16) [I, ® Cy(1)]F (¢) has
the full column rank s(< mr —r?), and T~2S"_;MS_, weakly converges to the
positive definite (with probability 1) matrix Qgy defined by (A.6) in the appendix,
and by assumption o’Q ' is an r x r positive definite matrix for all values of x
and w in Y,. Hence, Q7 44 also weakly converges (with probability 1) to the
positive definite matrix Q4 defined by

Qg = {[L. ® Co(1)TF($)} (' Q ' & @ Qg }{[L. ® Co(1)TF())}. (4.11)

Therefore,

_inf  T7[er(pg) — £r(9)] = T657umin(Qr 4) + Op(1), (4.12)
PEB(hg.04)x Y,

where 1.,,,(A) denotes the minimum eigenvalue of matrix A. As T — oo,
Zmin(Qr pg) Weakly converges to 4.,;,(Qgg) > 0, and the right hand side of
(4.12) will increase without bounds with probability 1. This first establishes
the consistency of ¢, ie., ¢ — ¢y =o0,(1) and also shows that the presence
of stationary regressors does not affect the consistency of the long-run
parameters.

Next, we prove both the super-consistency of qS and the consistency of p,
simultaneously. Since the consistency of ¢ has already been established, we
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now focus on values of ¢ that are sufficiently close to ¢,. Formally we
define'®

b=+ T4, (4.13)

where we take d to be an s x 1 vector of fixed constants defined on a compact
19" Also following Saikkonen (1995) we define the open shrinking ball

Np(do. 0) = {d € Xy : T2l — ol < 0},

and its complement
Nr(g, 04) = {9 € Tyt T1/2||<]5 — Poll = 64},

and note that on N,(0,, §,) we also have ||d|| > J,. Let
C(py, 04, 9,) = Uéd,ép(NT(d)O’ d4) X B(py.9,)),

where B(p,, 0,)=1{pe X, llp—poll =9,}, and the union is taken over all

values of J, and J, such that 6, = (5[21 + 512))1/2 and 9, = (5}2, + 5,% + 5@)1/2. We
then prove that for every 6, > 0,

lim Pr inf T7'[¢ —¢ >0p=1. 4.14
T—=o0 { gDEC(Q’O’échap) [ T(¢0) T((o)] } ( )

Using (2.15), we rewrite (4.7) compactly as

Br = (1 — 1) Qr(n — mg) + 21 — 19)' Qyv, (4.15)
where N m= (7 —70)s (k — K0), (p — o) T, v = [(vec(1,,)), (vec(L,,))',
(vec(I,,)) T,

o Q Y’MY _0! Q YMx_lﬁo

Q= -0 ®ﬁ0X MY Q! @ﬂw

F(@) (e ®¥) Ry (a0 @ X0t
(Q a®YMX )F(¢)
< (QlaepEEG) .

F(®) (@' @ X )F ()

"®The choice of 6 =1/2 is made ensuring that all the decomposed terms of the average
log-likelihood can be of the same order of magnitude at most. Notice that the order of consistency
of ¢ is determined by the rate at which this ball shrinks to zero.

"“The case where elements of d are allowed to increase without bound is covered in the proof of
(4.8).
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Q' @ YME 0 0
Qyy = 0 Q! @ WX ME 0
0 0 F(q’&)( Q! g XaME ME)

Using (4.15) in (4.3), we note that

2inf T [€(py) — Lr(p)] = inf(Ap) + j[(n 1) Qi — o))

+2 lnf[(" - ’IO)/QZTv]a (416)

where all the inf operatlons are taken over the set ¢ € C(g,, 04, 9,). Defining
K7 =diag(L,—1ys Ly T T'/21), then

U ’lo)/er(’l —19) = [Kr(p — ’Io)]/(K;IerK?l)[KT(’I — o)), 4.17)

(1 — 19) Qv = [Ky(m — 1)1 K7'Qypv, (4.18)

where for ¢ € C(py. 4. 9,), K7 —1o)ll = 3y with 3y = (&7 + 05 +09)'"*.
Using (A.4), (A.8), (A.9) and (A.10), it is then easily seen that
K7'Qi7K7' = T7,, +0,(1) and K7'Qyr = 0,(1), (4.19)

where
Qfl ®/Y/,l}/[Y Q ® YMX Y'MX_, 8, 0
jTJ?'I = Q—l ®ﬂoX?MY Q_ ®ﬂ0X h]ilx 1By 0 ,
0 0 Q790

and Qr 44 1s defined in (4.10). Using (4.19) and recalling that d and p are defined
on compact set, it follows that (g — 110) Q,yv=o0 (1) and therefore,

2inf(T[£(py) — L (@)} = inf(Ap) + inf (K — 1) T 7,

[(Kr( — n9)]} + 0,(1), (4.20)

where as before all the inf operations are taken over the set ¢ € C(¢,, 9,4, 9,).
Consider A; defined by (4.4), which can be rewritten as

Ar = Tr(Q7'Q) —m —In |Q7'Qy| — Tr[(Q, ' — Q)T 'E'ME — Q,)],

m
= Z(zi —1—1In/)—Ti[(Q' — Q" NT'E'ME — Q))], (4.21)
i=1
where 4; > 0,i =1, 2, ..., m, denote the eigenvalues of Q_lQO. Since 7~ 'E'ME
uniformly converges to ), the second term in (4.21) uniformly converges to 0.
Notice also that 4; — 1 — In /; attains its unique minimum at A; = 1, and is strictly
positive for all feasible values of 4; not equal to unity. When 4; = 1 for all i, we
must have Q = €. Therefore

inf(A4;) > 0 < 6, > 0. (4.22)
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For the second term in (4.20), we have®”

. _ / . 29
@Ec(g(}gd,é,,){[KT(” ’70)] jT,I’]}’][KT(” ”O)]} = 5.9}~m1n(b7T,m1)- (423)

As T — 00, Ain(T 1,yy) converges weakly to Ay (7 ,,) > 0, which is the smallest
eigenvalue of the positive definite (with probability 1) matrix, J,, given by

Q7' Q, Q7' Qyﬁo 0
In=|Q"®Qy Q'@Q, 0 |
0 Qg
where Q,, =plim;,  T7'YMY, Q5 =plim;_  Y'MX_;f, and Qg
plim,_, 77! BX_ MX_, 8, (see Appendix A.2). Using (4.22) and (4. 23) in

(4.20), and recalling that ¢, (5 + 53))1/ 2 we obtain (4.14) for 04 > 0 and/or
0, > 0. This establishes the desired result given by (4.2), which we summarize:

Theorem 4.1

Under Assumptions 2.1,2.2,2.3,4.1 and 4.2, and the identification condi-
tion (2.16), the QMLE of ¢, obtained from the VEC model (3.1), is consistent.
Furthermore, the QMLE of the long-run parameters is super-consistent such that

b — Py =0, (T'/?).

4.2 Asymptotic Distribution of the QMLE

Under Assumptions 2.1 and 2.2, Ax,_y,...,Ax, ., and X, ; are
stationary, and using the results in Phillips and Durlauf (1986) on the application
of the Central Limit Theorem for martingale differences it is then easily seen that
AX,_y,...,Ax,_,., and BX,_; are asymptotically distributed 1ndependently of &.
Hence, using the results in Sections A.1 and A.2 of the Appendix we have®'

1/2 0Lr(py)
0y
0lr(py)
Ok

T = (" ®1,,_nvec(T"'*Y'ME) ~N(0, Q7' ® Q,)),

T2 = Q' @ Lvec(T™'2BX"\ME) ~ N(0. Q5" ® Q).

and

o I
1/2% S0, ®QO YD, vech[T~2(E'ME — TQ)]

T

where D,, is an m x 1/2m(m + 1) duplication matrix.

2'Recall that [[Ky( — 1)l > 5y, where 3y = (5}2, + 02 + 052
2IThese results are obtained mainly using the multivariate invariance results derived by Phillips and
Durlauf (1986) and Phillips (1991).
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The asymptotic distribution of 7-'0¢,(¢p,)/0¢ is more complicated and
involves functionals of Brownian motions. From (A.1) in the appendix, we
have

1 0Lr(9)
0¢

which upon using (A.8) yields

" = F'(¢o) Q' ® I,)vec(T™'X_ ME),

_1987(p) 4w :
T ! W F (¢0)V€C|:JO

where v (a) = Cy(1)W*(a), vo(a) = apQq 'W(a) and w(a) and w*(a),a € [0, 1],
are the standard and the demeaned and detrended Brownian motions, respectively
(see (A.7) in Appendix A.2). But, noting from (2.9) that Cy(1)af, = 0 and
Rank (f,) = r, then

vi(a)dv, (a)] : (4.24)

E[vi(a)vy(a)] = Co(DEIW* (@)W (@))% ' ety = Co(1)etg = 0.

Hence, v,(a) and v,(a) are independently distributed, and the locally asymptoti-
cally mixed normal (LAMN) theory of Jeganathan (1982) is directly applicable to
(4.24). (See also Phillips, 1991, p. 289). Therefore,

! aﬂg—g”o)f‘im{o, T 4.6(®@0)}; (4.25)
where
T 4.6(90) = F(¢0)lexQ ' atg ® Co(1)QssCo(DIF (), (4.26)

and Qgg, defined by (A.6), is a positive definite matrix with probability 1.
Similarly, as 7 — oo

D, { —62£T((p0)

where Dy = diag(T~"?L,z(, 1y, T~'/21,,., T, T721,0,, 1)), and

Qy l ® ny Q l ® Qyﬂo 0 0
Q'9Q, Q'®Q 0 0
T(p) = | o g, S0 Bobo
(90) 0 j¢¢(¢0) 0
0 0 0 D, ®Q)D,,

(4.28)

Combining the above results, and making use of the results in Sections A.1 and
A.2 of the Appendix we have
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Theorem 4.2
In the context of the VEC model (3.1), and under Assumptions
2.1,2.2,2.3,4.1 and 4.2, and the identification condition (2.16),

D 0lr(py)
! 0p,

where J(g¢,), defined by (4.28), is a positive definite matrix with probability 1.
Consider the mean-value expansion of 0¢,(¢)/0¢ around ¢,:
(@) Olr(py) | OUH(D) .
\¢) _ T¢0+ T(ew_%),
Op Op OO
where the (i,/) element of 62£T(¢3) /0pdy’ is evaluated at (¢;, ¢,), and @, is a convex
combination of ¢, and ¢,. Using the first-order conditions, 0¢,(¢)/0¢ = 0, we have:

} ~ MN{0, T (o)}, (4.29)

0lr(py) . ang(@ ~
Define
_ —0%0,(p)
Jr(@) =D, ——"D, (4.31)
r\@ T 390 T
and write (4.30) as
ol IR
D, 2% _ 7 @7 - py)

Op

To derive the asymptotic distribution of D7!(¢ — @,) it now remains to show that
Jr(@) = J(9,). Unlike the standard QML method, in the case of integrated and
cointegrated systems the consistency of ¢ is not sufficient to guarantee the weak
convergence of J(¢) to J(¢,), and additional conditions are needed. In
particular, as shown by Saikkonen (1995, Proposition 3.2) J;(¢) = J(9,), if
D;'(p — ¢y) = 0,(1) and if the sample information matrix J,(¢) satisfies his
stochastic equicontinuity condition.?? The former condition is already established
(see Theorem 4.1). The latter is proved in the Appendix (Section A.3), under the
following assumption:

Assumption 4.3
For ¢, € Y, B(¢) and F(¢) satisfy the Lipschitz conditions:

1B($,) — B = ¢4l — ol (4.32)
IF(¢,) —F(D)Il < cellg, — ol (4.33)

where ¢ and ¢ are positive constants.

220n the concept of stochastic equicontinuity and its use in establishing uniform convergence results
in econometrics see Davidson (1994, pp. 335-340) and references cited therein; in particular
Andrews (1987; 1992) and Pdtscher and Prucha (1994).
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These conditions impose a certain degree of smoothness on the non-linear
dependence of f(¢) and its derivatives, F(¢), on ¢, and are clearly satisfied when
the restrictions on f are linear. The following theorem summarizes the main result
on the asymptotic distribution of the QMLE.

Theorem 4.3

Consider the VEC model given by (3.1). Suppose that Assumptions
2.1,2.2,2.3,4.1,42 and 4.3, and the identification condition (2.16) hold.
Then, the sample information matrix 7 (@) defined by (4.31) weakly converges
to J(¢,), defined by (4.28), and the QMLE of ¢, obtained subject to the general
non-linear restrictions vec(f) = 6 = f(¢), asymptotically has the mixture normal
distribution:

D7 (9 — p) ~ MN{0, T~ (p,)}. (4.34)

It is worth noting that when vec(f) = @ is unrestricted, its associated
information matrix, oQq "oy ® Cy(1)QgsCo(1), is singular, having rank
mr — r* with probability 1. Therefore, we need at least 7* independent restrictions
to identify 6. This represents a generalization of the result obtained by Rothenberg
(1971) for the case where the underlying processes are stationary.

Also, given that J(¢,) is block-diagonal, the QMLE of the short-run
parameters, p, are asymptotically distributed independently of ¢. Therefore, for
large enough T, inferences on the short-run parameters can be carried out treating
¢ as if they were given. Thus, the results obtained in the literature for the case
where the restrictions on 0 are linear extend readily to models with non-linear
(over-identifying) restrictions.

5. TESTING OVER-IDENTIFYING RESTRICTIONS
ON COINTEGRATING VECTORS

In this section we consider the problem of testing over-identifying restrictions
imposed directly on the cointegrating vectors.>> Consider the following partition of
h(0) = 0, the k (> r?) restrictions on @ given by (2.17):

h(6) = [0}(0), h(0)] = 0,

where h,(0) and hgz(0) are 7> x 1 and (k — %) x 1 vector functions, respectively.
Without loss of generality, h,(#) = 0 can be regarded as one set of many possible
r* just-identifying restrictions, and the remaining restrictions, hz(0) = 0, then
constitute the k — r? over-identifying restrictions.**

ZSee also the discussion at the end of Section 2.1.
2%t can be shown that the log-likelihood ratio statistic for the test of over-identifying restrictions is
invariant to the choice of the exact identifying restrictions. See also the sub-section 5.1 below.
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Lety = (p/, @), where p = (y/, ¥/, ')’ and 0 are the short-run and the long-
run parameters, respectively, and consider the following assumptions that corre-
spond to the Assumptions 2.3, 4.2 and 4.3 of the previous sections:

Assumption 5.1

6 € ©® where ® C R™ and h(#) is a continuously differentiable function of
0. Under h(0) =0, 0 € Y, where Y, is a compact subset of ®, and the k x mr
Jacobian matrix, H(@) = 0h(#)/06', has full rank k < mr for all 8 € Y.

Assumption 5.2

weX,, where Y, =1,xY, is a compact subset of R with
h,, = m*(p — 1) + mr + (1/2)m(m + 1) + mr. The true value of w, denoted by
wo = (p). 0)', is an interior point of Y.

Assumption 5.3
For 0, € Yy, h(0) and H(0) satisfy the Lipschitz conditions:

Ih(6,) — h(O)|| < 1|0, — 01, (.1

IH(0,) — H(O)|| < cy110, — 01, (5.2)

where ¢, and ¢y are positive constants.
Using similar results as in Section 4.2, we have

0lr(w,) _ | d(py)
I oy | d(8y)
where D,,r = diag(T*'/ZIhp, T7'1,,), h, = m*(p — 1) + mr +m(m + 1)/2,

d(po) = T~'2(3tr(w0)/3p). () = T~ (@t (w,)/0), and T (w,) is defined by

} LMNO, T, (5.3)

" r(yo) TopWo) 0
D ————F D = pp 0 . 5.4
'I/T[ away/ yT = j(WO) |: 0 j@@('llo)] ( )
Note that 7 ,,(y) is a positive definite matrix, but

T oo(wo) = Q' otg ® Co(1)Qgs Co(1) (5.5)
is singular, having rank mr — r? with probability 1.5

Let = (p/, @) and § = (p/, @) be the QMLE of y obtained subject to the
r? exactly-identifying restrictions (say, h,(#) = 0), and subject to the k restrictions,
h(@) = 0, respectively. Then, the k — r? over-identifying restrictions on @ can be
tested using the log-likelihood ratio statistic

LRy = 2{lr(p) — Lr ()}, (5.6)

ZFor a general analysis of ML estimation in the case of singular information matrices see Silvey
(1959, Section 6) and Breusch (1986). However, their analysis is not directly applicable to models
with unit roots.
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where £,(w) and £;(y) represent the maximized values of the log-likelihood
function obtained under h(#) = 0 and h,(#) = 0, respectively.

Under Assumptions 2.1, 2.2, 4.1, and 5.1 through 5.3, and using a similar
line of reasoning as in Sections 4.1 and 4.2, it can be shown that p — p, = 0,(1)
and 6 —0,=0,(T""?), and the sample information matrix, Jr(y)=
D, {—0*¢,(y)/owdy'ID,,, also satisfies Saikkonens (1995) stochastic equi-
continuity condition SE,. Therefore, we have

Theorem 5.1
Under Assumptions 2.1,2.2,4.1, and 5.1 through 5.3,

VT(p = po) “ N0, T,,) (wo)} and T(0 —00) “MN{0. Vyy(y)) ~ (5.7)
where

VooWo) = I (o) — Jag (wo)H' (wo) {H(00)I gy (wo)H'(05)} " H(0,)d 54 (wy).

(5.8)

is a singular random matrix having rank mr — k with probability 1, and

Joo(Wo) = Too(wo) + H;(00)H,(0,), (5.9)
is a positive definite matrix.

Proof:

See Section A.4 in the Appendix.

Theorem 5.2

Under Assumptions 2.1,2.2,4.1, and 5.1 through 5.3, the log-likelihood
ratio statistic for testing h(#) = 0, defined in (5.6), is asymptotically distributed as
a y? variate with k — 72 degrees of freedom.

Proof.

See Section A.5 in the Appendix.

The Wald statistic (W) for testing the k — 7* over-identifying restrictions,
h;z(0) = 0, is given by

W = T*hi(B)[Hy(0)V s (#)Hp(0)]'hy(0), (5.10)
where Hy(0) = 0hy(8)/060'. Since

hy(6) = Hy(0,)(0 — 0,) + 0,(1),
hence using (A.22) in the Appendix,

Thy(8)  MN{0, Hy(6,) Vi (wo)Hy(0)).

Therefore, W ~ Lioyo
Next, the Lagrange Multiplier statistic (LM) for testing the over-identifying
restrictions can be written as

LM = V{V,,()} A, (5.11)
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where A is the QMLE of the Lagrange multipliers A obtained under h(#) = 0 (see
(A.13)), and V() is defined by (A.21). Then, using similar methods as used in
the proof of Lemma 6 in Silvey (1959), it can be shown that LM < Xi—rl-

5.1 Testing Over-Identifying Restrictions on a Sub-Set of
Cointegrating Vectors

The log-likelihood ratio statistic tests the validity of the joint hypotheses of
over-identifying restrictions on the cointegrating vectors in the system simulta-
neously. However, there are situations when we are interested in testing over-
identifying restrictions on a single cointegrating vector or a subset of cointegrating
vectors only. For ease of exposition, we deal with the single equation case, and
partition f = (f,, B,,) such that the dimensions of f, and f,, are m x 1 and
m x (r — 1), respectively, and partition 8 = (6}, @), conformably. Suppose that
there are k; > r restrictions on f,, characterized by

h,(0,) =0, (5.12)

and the remaining cointegrating vectors, f,,, are subject to r(r — 1) exactly
identifying restrictions. Therefore, only S, is subject to (k; — ») over-identifying
restrictions. Denote the QMLE of @ obtained under the above k&, restrictions on 8,
and the r(r — 1) exactly-identifying restrictions on the remaining » — 1 cointegrat-
ing vectors, by @, and as before let @ be the QMLE of @ obtained under the 72
exactly-identifying restrictions on 0. Then, the log-likelihood ratio statistic for
testing the validity of h;(#,) = 0 is given by

LR, = 2{£1(8) — £4(8,)}. (5.13)

By Theorem 3.2, LR, has an asymptotic x> distribution with k; — r degrees of
freedom. Note that this result is invariant to how the remaining cointegrating
vectors, f,,, are exactly identified.

It is also worth noting that the log-likelihood ratio statistic, LR,, reduces to
the same log-likelihood ratio statistic proposed by Johansen and Juselius (1992),
when testing restrictions on a single cointegrating vector ;. This is due to the fact
that there are no over-identifying restrictions imposed on the remaining r — 1
cointegrating vectors, and therefore, the QMLE of f,; can be chosen to be equal to
any one of the many possible exactly-identified estimators of f,,.

The above result can be readily extended to the more general case of testing
over-identifying restrictions imposed only on a subset of the cointegrating vectors.
Partition f = (f,,f,), where the dimensions of f, and f, are m x r; and
m x (r —ry) with » > r;. Suppose that there are k; over-identifying restrictions
on f3,. Defining B, = (B,, B,4), and Bz = (B, B,p), it can be shown that the value
of the log-likelihood ratio statistic for testing the validity of k; over-identifying
restrictions obtained using either f, or B is the same.
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6. AN EMPIRICAL APPLICATION: LONG-RUN ESTIMATES OF
CONSUMER DEMAND EQUATIONS FOR THE UK

In this section we apply the long-run structural modelling techniques to
Almost Ideal Demand Systems (AIDS) estimated for three non-durable expendi-
ture categories using the UK quarterly observations over the period 1956(1)-
1993(2). (The available observations before 1956 were used to create the necessary
lagged variables). This application provides a good example where economic
theory provides strong testable restrictions (such as homogeneity and symmetry)
on the long-run equilibrium relations. The symmetry restrictions are of particular
interest, since they provide an example of cross-equation restrictions.

Under the AIDS model of Deaton and Muellbauer (1980), the expenditure
share of the ith commodity group, w;,, is determined in the long run by

n
wy =+ Y y;ln P+8,In(Y,/P), i=1.2....n t=12._..T,
j:l

(6.1)
where P, is the price deflator of the commodity group j, Y, is the per capita
expenditure on all » commodities, and P, is a general price index which we
approximate using the Stone formula.® In P, = ZJ’.’ZI wjo In P, where wj, refer
to budget shares in the base year.

Consumer theory imposes the following restrictions on the parameters of the
share equations:

e Adding-up restrictions: ) 7 o; = 1,37 19, =0,>"7 9, =0.

o Homogeneity restrictions: » " 7;; = 0.

e Symmetry restrictions: y; = 7.

The adding-up restrictions are not testable, and are imposed indirectly by
first-estimating the » — 1 share equations, and then estimating the parameters of
the remaining equation from the adding-up restrictions. In system estimation of the
share equations the results are invariant to the choice of the n — 1 commodities
included in the analysis. Although there have been a number of attempts to deal
with the dynamics of the AIDS model, these analyses invariably consider rather
restricted set-ups, and all treat prices and real per capita expenditure as
exogenously given.?’

26The exact expression for In P, is given by (see Deaton and Muellbauer, 1980):

n n n
In P, =ay+ Zcxk In Py, —|—%Z Zv,g- In Fj, InPy.
k=1 k=1 j=1
Its use in our work will give rise to a non-linear VAR model, the analysis of which is outside the
scope of this paper. For an empirical application of Stone’s approximation in a static AIDS model see
Pashardes (1993).
2"The most general dynamic model used is by Anderson and Blundell (1983), which is a VAR(1) in
budget shares, and is estimated assuming exogenously given prices and per capita real expenditures.
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The long-run structural modelling approach of this paper considers the
share equations, (6.1), as the long-run equilibrium relations of a VAR model in
the 2n variables, X, = (Wi, Wy, ..., W1y, In Py, ..o In Py, In(Y,/P,)). This
approach has two important advantages. Firstly, apart from the order of the
VAR, it does not impose any arbitrary restrictions not supported by a priori
theory on the short-run dynamics. Secondly, it allows for any possible interde-
pendencies that may exist among the budget shares, prices, and the real per capita
expenditure. This approach has, however, one important limitation: due to its
highly data-intensive nature, only demand systems with a few commodity groups
can be analyzed in a satisfactory manner. Here we estimate a three-commodity
system on the UK quarterly seasonally adjusted data over the period 1956(1)—
1993(2). The three commodity groups are (1) food, drink and tobacco; (2) services
(including rents and rates); and (3) energy and other non-durables.*®

Since the analysis of the cointegrated VAR model pre-assumes x, to be I(1),
we computed augmented Dickey-Fuller (1979) and Phillips-Perron (1988) statis-
tics for the three budget shares (w,, wy,ws), the price variables
(InPy,, InP,,, InP5,), and the per capita real expenditure variable, In(Y,/P,). The
results are summarized in Table 1, and show that for none of the variables it is
possible to reject the unit root hypothesis at the 95 percent level. >’

Consumer theory predicts that there should be two cointegrating relations
among the six variables, wy,, w,,, InP,,, InP,,, In P;,, and In(Y,/P,). To test this
hypothesis, in what follows, we consider a VAR(4) model with restricted intercepts
and no trends to ensure that there exist steady state values for the budget shares
both under the null and the alternative hypotheses. In this case, we have

3
Ax, = Z [AX,_ —oafx | + ¢, (6.2)
i=1

where x} | = (x]_;, 1)" is an (m + 1) x 1 vector, and # is an (m + 1) x r matrix.
The last row of f# gives the steady state values of the budget shares. Using (6.2) we
computed the log-likelihood Trace and Maximum eigenvalue statistics over the

Z8Consumer expenditures at current and constant 1990 prices for the three commodity groups were
taken from Central Statistical Office’s (CSO) quarterly Macroeconomic Database. Quarterly
observations on population were obtained by interpolation of annual population figures taken
from the CSO Annual Database. Price indices of individual commodity groups were obtained as
implicit deflators of relevant expenditure categories. The general price index was approximated by
the Stone index. All the data were converted into indices with base equal to 1 in 1990. This ensures
that the estimates of the o’s in (6.1) are close to the budget shares in the base year.

2We also computed unit root statistics for all the variables not including trends in the underlying
regressions, but could not reject the unit root hypothesis in any case. Since budget shares are
bounded between zero and unity, it may be argued that the non-rejection of the unit root hypothesis is
due to the relatively small sample used and the lack of power of unit root tests. Nevertheless, it seems
reasonable to proceed assuming that the budget shares can be approximated as unit-root processes
(see also Chambers and Nowman, 1997).
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Table 2. Johansen’s Cointegration Rank Test Statistics for the AID System Applied to UK Non-
Durable Consumption Expenditures over 1956(1)-1993(2)*

H, Eigenvalues Atrace Amax

=0 0.2404 119.61 [102.56] 41.24 [40.53]
r=1 0.1938 78.38 [75.98] 32.31 [34.40]
r=2 0.1074 46.06 [53.48] 17.04 [28.27]
r=3 0.0892 29.03 [34.87] 14.01 [22.04]
r—4 0.0615 15.02 [20.18] 9.52 [15.87]
r=5 0.0360 5.50 [9.16] 5.50 [9.16]

* )race A0A Aoy are the trace and the maximum eigenvalue statistics, respectively. 7 is the number of
cointegrating relations. These values are estimated using the VAR(4) model with restricted intercepts
and no trends in the six variables, wy, wy, In Py, In P,, In P3, and In (Y/P). The values in [-] are the
95% critical values.

period 1956(1)-1993(2). The test results are summarized in Table 2. At the five
percent significance level, the Trace statistic (4,,,.,) suggests two cointegrating
vectors, while the Maximum eigenvalue statistics (4,,,) does not reject the
hypothesis that there is only one cointegrating vector among the six variables.
At the ten percent level, neither statistic rejects the hypothesis that there are two
cointegrating vectors.>°

Given the fact that the evidence against theory’s prediction is rather weak we
proceed assuming that » = 2. Denote the corresponding cointegrating vectors on
Wy Wy, In Py, In Py, In Py, In(Y,/P,) and the intercept by B, = (1, a1, Pa1s
Bas Bsi» B> B71) and By = (Bia, B oy Pazs Bsas Peas Brn)s tespectively. The
exact (theory) identifying restrictions implicit in the specification of the share
equations in the AIDS model are given by>'

. ﬁllz_lv ﬁ12=0
HE'{/321=0’ ﬁzzz—l}’

and the exactly identified estimates of the two cointegrating vectors are

. 0 0.2734 —0.2215 —0.0516 —0.1761 0.2866
B = (0.0372) (0.0235) (0.0433) (0.0303) (0.0027)
‘ 0 1 —0.1672 0.0536 0.1030 0.3218 0.5196

(0.0637) (0.0395) (0.0754) (0.0521) (0.0044)

30We obtained similar results when we estimated lower order VAR models. We did not consider
models of order higher than 4 on grounds of data limitations.

3IThis choice of exact-identifying restrictions rules out the possibility of placing (testing) zero
restrictions on f3;; and f3,,. This seems plausible considering that the primary objective here is to test
the homogeneity and symmetry restrictions of consumer demand functions. Demand functions will
not be defined if 8, (or f3,,) is set to zero, and the homogeneity and symmetry restrictions can no
longer be meaningfully formulated.
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with the maximized value of the log-likelihood function being 3404.5, where the
asymptotic standard errors are given in brackets.*? The estimates in the last column
of B correspond to the steady-state budget shares for the first two expenditure
categories, namely “food, drink, and tobacco” and “services and rent”.

_ Next, we provide tests of the homogeneity and symmetry restrictions, taking
B as the appropriate exactly identified estimates. Estimation of the cointegrating
relations subject to the homogeneity restrictions (namely, f5; + f4, + f5; =0,
and f35, + 4 + fs, = 0) yielded the following results:

4 0 0.2722 —02218 —0.0504 —0.1753 0.2866
B, = (0.0166) (0.0208) (0.0216) (0.0164) (0.0028)
i 0 _q —0.1160 0.0721 0.0439 0.2825 0.5191

(0.0289) (0.0358) (0.0378) (0.0281) (0.0048)

with the maximized value of the log-likelihood function being 3404.0. Therefore,
the log-likelihood ratio statistic for testing the homogeneity hypothesis is equal to
2(3404.5 — 3404.0) = 1.0, which is well below the 95 percent critical value of the
Chi-Squared test with 2 degrees of freedom.>?

Turning to the symmetry hypothesis, the relevant restriction is the cross-
equation restriction §;; = fi3,.>* The estimates of the cointegrating vectors subject
to the homogeneity and symmetry restrictions are as follows.>

-1 0 0.2565 —0.2150 —0.0415 —0.1771 0.2848
B = (0.0399) (0.0281) (0.0411) (0.0222) (0.0066)
Hs 0 1 —0.2150 0.0977 0.1173 0.2837 0.5072

(0.0281) (0.1111) (0.1295) (0.0955) (0.0188)

with the maximized log-likelihood value of 3402.8. The LR statistic for testing this
joint hypothesis is equal to 3.37, which is well below the 95% critical value of the
Chi-Squared test with three degrees of freedom, and does not support a rejection of
this joint hypothesis.

Finally, the estimates of the price and income elasticities for the specification
that imposes both the homogeneity and symmetry restrictions are presented in
Table 3.

32For details of the computational algorithms see Pesaran and Pesaran (1997, Section 19.8).
33 As shown in Section 5.1, tests of the over-identifying restrictions are invariant to the choice of the
exact identifying restrictions. As an illustration we tested the homogeneity restrictions conditional on
. . S - =-1 =0

the following alternative set of exactly identifying restrictions: b > B

: : : B =0, Pep=-1
obtained identical test results.
*¥In the case where f3;; or fB,, are not normalized to —1, the symmetry restriction needs to be

expressed as f3,,/f11 = P32/ P2, Which is meaningful only if f;; # 0 and f3,, # 0. Also see footnote
31.

33Using the adding-up condition the third (cointegrating) share equation is given by
wy, = 0.2080 — 0.04151n Py, 4+ 0.1173In P,, — 0.0758 In P;, — 0.1066 In(Y,/P,).

, and
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Table 3. Own and Cross Price Elasticities and Income Elasticities of Main Three Non-Durable
Expenditure Categories in the UK over 1956(1)-1993(2)*

Price Elasticities

Food Services Others Income Elasticities
Food 0.0413 (0.1384)  —0.4228 (0.1255)  —0.0216 (0.1300)  0.4042 (0.0745)
Services —0.5932 (0.0980) —1.0902 (0.3044) 0.1211 (0.2264) 1.5623 (0.1892)
Others —0.0495 (0.3221) 0.8638 (0.9020)  —1.2760 (0.6766)  0.4617 (0.5609)

*Elasticities are estimated using the VAR(4) model with restricted intercepts and no trends, imposing
homogeneity and symmetry restrictions, at the 1990 budget shares. Asymptotic standard errors are
given in brackets.

The income elasticities all have the correct signs and plausible magnitudes.
The estimated price elasticities are generally reasonable, except for the own price
elasticity of the “food, drink and tobacco” category which is slightly positive but
statistically insignificant. Finally, the estimates of the restricted intercepts, given
in the last row of B, namely 0.285 and 0.507, for the w; and w, share equations
match closely the average budget shares of 0.286 and 0.519 in the base year
(1990).

7. CONCLUDING REMARKS

We have argued that in cointegrated VAR models where there is more than
one cointegrating relation, the statistical approach to identification of the long run
cointegrating relations advanced in the literature is not satisfactory, and as far as
the interpretation of the results and their use in policy analysis is concerned, can be
misleading. Identification of the long-run relations requires a priori information, in
the form predicted by economic theory, market arbitrage conditions or institutional
characteristics. When there are » cointegrating relations, there must be at least »
independent a priori restrictions (including one normalization restriction) one each
of the r cointegrating relations. This paper provides a general theory for the
identification of the cointegrating vectors when they are subject to non-linear
parametric restrictions. It gives a rigorous proof of the consistency of the QML
estimators, establishes the relative rates of convergence of the QML estimators of
the short-run and the long-run coefficients, and derives their asymptotic distribu-
tion; thus providing a formal proof for many of the results routinely used in the
literature. The empirical application in the paper also shows that the econometric
and computational methods advanced in the paper are readily applicable to a wide
variety of applied economic problems.
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APPENDIX: MATHEMATICAL DERIVATIONS AND PROOFS

A.1 Derivatives of the Log-likelihood Function

The first-order differential of £,(¢), defined by (4.1), is given by (recall that
MZ = 0)

di (p) = —gdln Q| — %Tr{(dsrl YJE'ME} — %Tr{Q’ld(E/ME)},
=— g Tr{Q~ 1 (dQ)} + %Tr{sr1 (dQ)Q'E'ME} — Tr{Q ™ 'E'M(JE)},
= %Tr{Q’l(E/ME — TO)Q 1(dQ)} — Tr{Q 'E'M(dE)},

where
dE = —Y(dI') + X_,(dp)e’ + X_,f(dat’).
Next, the second-order differential of £,(p) is derived as
d*lr(p) = — Tr{Q ' (dQQ ™ (E'ME — TQ)Q ™' (dQ)}
— gTr[Q_l dO)Q 1 (dQ)] + Tr{Q [ Y(dT) + X_,(dp)o’
+ X_ B(da)IMEQ ™ (dQ)} + Tr{Q ™' (dQ)Q 'E'M[-Y(dT)
+X_,(@dp)a’ +X_,p(da)]} — Tr{Q ' [(dT) (YMY)(dI)
— (dT) (YMX_, p)(da’) — (dT) (Y'MX_,)(dp)']}
— Tr{Q [~ (da)(f X MY)(dT')
+ (da)(f XL MX_, f)(de) + (de)(BX_ MX_)(df)e]}
— Tr{Q ' [~a(dB)(X_ MY)(dl) + a(df ) (X_ MX_; B)(det)
+ a(df ) XL MX_, )(dp)']}.

Using Theorem 3 on p. 31 and Theorem 1 on p. 192 in Magnus and Neudecker
(1988), and also noting that

dvec(p) = F(p)d ¢, dvec(Q) = D, o, vec(E'ME — TQ)
= D, vech(EME — TQ),

where D,, is an m x (1/2)m(m + 1) duplication matrix, then the first and the
second partial derivatives of £;(p) are given by

0l (p)/dy Q' ®1,,_1))vec(YME)
Otr(p) _ | der(p)/ox | _ Q' ® IL)vec(f'X'_,ME)
op | olr(e)/0g | F($) (@ Q ' @1, )vec(X ME) ’
0lr(p)/0w D, Q' ®Q D, vech(EME — TQ)

(A.1)
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a(pa¢/ D:nA/lZ D;nAZZDm ’ ’
where A, is the symmetric matrix
A11
Q'YMY Q'YMX_p Q 'a @ YMX_))F(¢)
- : Q' RBXLMX_f (Qla® X MX_F($)
F(¢)(@Q e ® X_MX_)F(¢)
QO !' @ YMEQ™!
Ap=| Q'@px MEQ!' |,
Q' ® X' ,MEQ "F(¢)
T
Ay = 5{(9—l RO H+ Q'O YT'EME —Q)Q 7).

A.2 Probability Limits Involving Unit Root Processes
Under Assumption 2.4 and using the multivariate invariance principle (see
Phillips and Durlauf, 1986)
T84 = w(a), a € [0, 1], (A3)

where s, = Z/[Z] ¢, [Ta] is the largest integer part of 7a, and w(a) is an m x 1

vector of Brownian motion with the covariance matrix, Q,. Next, applying the
continuous mapping theorem,

T 1
7732 Z s, = J w(a)da,
=1 0

T 1
72 Zsts; = J w(a)W (a)da.
t=1 0
From (2.7) and (2.10) we have

o0
X =1(xg — )+t +S_,Cy(1) + ZE—i—lCE;’
i=0

where S_; = (s¢,8y,...,87_y) and E_;, = (¢y_;,&_;,...,67;),i=1,2,..., and

00
X MX_; = Co(1)S_;MS_Cy(1) + Y Co(1)S_ME_,_, Cj;
i=0

o0 [o¢] o0
+ ) CHEL_MS_ Cy(1) + Z Z CiEL,_ME_,_,Cg,
i=0 i=0 j=0
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where M = I, — Z(Z/Z)"'Z/ (see also (3.1)). Then, it is easily seen that
T7?X  MX_; = T2Cy(1)S” MS_,Cy(1) + 0,(T™H), (A.4)
T7'X'\ME = T7'Cy(1)S_ | ME + 0,(1).

Defining D, = diag[T~'/?, T~3/?], and using (A.3) and (A.4), as T — oo,

1 1

77'S ,Zb, = U
0

w(a)da, J

aw(a)da] ,
0

7728 (ZZ)"'7'S 1 d. 1 all 478
LL(Z'ZL) o= Uo w(a)da, Jo aw(a) a:|[_6 12]

fol W (a)da
X 9
fol aw'(a)da
1

77'S' \ME = J w*(@)dw'(a), TS MS_, = Q.
0

where

1
Qss = L wH(@)w* (a)da (A6)

is a positive definite random matrix with probability 1 (see Phillips, 1991), and

1 1

w(a)da + (—12a + 6) J aw(a)da (A.7)

w*(a) = w(a) + (6a — 4)J
0

0
is an m x 1 vector of demeaned and detrended Brownian motion with the
covariance matrix, €. Using the above results in (A.4), as T — oo,

1

7~'X' ME = Co(l){J
0

T72X MX_; = Cy(1)QssCh(1). (A.9)

Finally, noting that Y = (AX_;, AX_,, ..., AX_, ) and BoX_, are station-
ary processes and asymptotically uncorrelated with E, it is also easily verified (see
also Phillips and Durlauf, 1986) that

T7'Y'ME = o,(1), T7'BX_ME = o,(1),

w*(a)dw’(a)}, (A.8)

TT'YMX_, = 0,(1), T7'BX_ MX_, =0,(1). (A.10)
Furthermore, the following probability limits can be shown to exist:
_ Y'MY . Y'MX_,p
Qy =plimr_, o —— Qy, =plimr_, flo Qp,5,
BoX_ i MX_, 8,

= plimy_, = (A1)
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A.3 Stochastic Equicontinuity of 7 ,(¢)

Let p=(y,k,®') and define the open ball, B(p,d) = {p, € Y,:
lp, —pll <0}, with Y = Y x Y, xY,, and the open shrinking ball,
Np(¢,0) ={¢, € Yy : TID/2||¢ — ¢| < 9}, where d is a positive real number.>®
The sample information matrix, J (@), is given by

Jr(p) =Dy WT(/@DTv

where Dy = T~ 2diag(L,zp— 1y Lyys T7Y g, Lyuy1y2) and —0°€,(p)/0pdg’ is
defined by (A.2). J;(p) satisfies Saikkonen’s (1995) stochastic equicontinuity
condition SE, if

sup 1T 7(9.) = T (o)l = O, (). (A.12)
0.€B(pg.0)xN7(.)

In the case where the long-run coefficients ¢, (or f, = p(¢,)) are known the
sample information matrix of the short-run coefficients p involve only stationary
variables and the standard asymptotic theory is applicable. Therefore, in what
follows we shall focus on establishing the condition SE,, for those components of
Jr(p) that involve the long-run coefficients, ¢. These are T~'Y'MX_,p,
T-IAX MX_8,(Q 'a@ T32FX MX_)F(¢) and F(P)('Q 'a®
T—2X"_MX_,)F(¢). Consider the first term. Denoting B(¢,) and B(¢,) by B,
and f,, respectively, and using the Lipschitz condition (4.32) we have

sup  [IT7'Y'MX_ B, — TT'YMX_ Byl < cpdl| T2Y'MX |
$.EN7(g,9)

But using (A.10), T32Y'MX_, = 0,(1), and hence T~'Y'MX_, B clearly satis-
fies the SE|, condition.

To prove the stochastic equicontinuity of 77 !X  MX_,B, let
Qrxx = T2X_ MX_, and note that

T(B.Qr xxB. — BoQrxxBy) = T(B. — Bo) Qr xxBo + THQr xx (B, — Bo)
+T(B, — ﬂo)/QT,XX(ﬂ* — Bo)-

Hence,

sup T8 Qr B, — THhQraxboll < 2¢50 77X, MX_ |
¢ ENr(g,0)
2 2 2w/
+ o | T X1, MX_ .
Again using (A.10), 732X \MX_,8, = 0,(1), and Qr yy = T?X_ | MX_, =
O,(1). Therefore, T~ X \MX_,p satlsﬁes the SE,, in the sense that the above

3Notice that in the construction of B(p,d) and Ny(¢,d) the same 6 is used as required by
Saikkonen’s (1995, p. 894) stochastic equicontinuity conditions, SE|.
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supremum can be made as small as desired by choosing a small enough value
for 0.

Let P, =Q 'a® Tl/zﬂ;QT,XX)’ Yo=Q 'a® Tl/zﬂé)QT,)O()v F,=
F(¢,), and F, = F(¢,). Then

I¥.F, — WoFoll < IV, — Woll x IF, — Foll + ¥, — ¥oll x [Foll + ¥yl
x |[F, — Foll,
IV, — Yol = 127 all x IT"2(B, — Bo) Qr.xxll.
and
I¥oll = 119 el x 172 B4Qr xx I-
Hence

sup W, — Woll < cpdlQ "l x 1Qpxxll-
¢, EN7(dy,0)

Similarly, using (4.33)

sup ||F, — Fyl < T7%¢z6.
$.EN1(.9)
Hence, under Assumption 4.3 we have
sup ||, F, — PFoll < 01Q e
$.ENT(hg.9)
{epl Qroxx | X IFoll + cpl T2XMX_ Byl + T~ 2eperdl| Qrxx l)-

Now using (A.10), and recalling that under our assumptions | Q™ 'a|| and ||F,|| are
bounded, it follows that

sup Q'a® T1/2ﬂ;<QT,XX)F(¢*) -Q'a® Tl/zﬂ;)QT,)O()F((:bO)”
.. EN7(hy,9)

is bounded by an O,,(1) variable and therefore (Q ™' a ® T'/28'Q; xx)F(¢) satisfies
the SE, condition.
Finally, for the term F'(¢)(e/Q 'a ® 772X ,MX_,)F(¢h), we first note that
F($.)(A ® Qr xx)F(¢,) — F'(d)(A ® Qr xx)F(hg)
= [F(,) — F(dp)] (A ® Q7 xx)F(¢g) + F($o) (A ® Q7 xx)[F(¢,) — F(¢hy)]
+ [F(,) — F(¢p)] (A ® Q7 xx)[F(9,) — F(¢y)],

where A = o/Q ' belongs to a compact set. Hence

sup  [[F'(¢,)(A ® Qr xx)F(,) — F'(¢o)(A ® Qr xx)F(y)

b4,€NT(¢g,0)
<277ep3lA ® Qpxll X IF(@o)ll + T7'36* A © Qr -

It then readily follows that F'(¢p)(@’Q ' ® 772X’ ,MX_,)F(¢b) also satisfies the
SE,, condition.
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A.4 Proof of Theorem 5.1
Using the Lagrangean function,
Ay, 2) = €r(y) — TA'h(0), (A.13)

where 4 is a k x 1 vector of the Lagrange multipliers, the constrained ML
estimators, 6 and l, satisfy the following first order-conditions:

o) _ ) )
op T o0

—TH(®)1=0, h(@) =0. (A.14)

Using the mean-value expansion of 0¢;(y)/0y around y,, we have

[aﬁr(!i/)/@p] _ [@ET(WO)/GP}
Ol (§)/00 | [ 0€r(wy)/00
—0%,(p)/0pdp  —B*L()/0pd0 || (P = po)
B |:—625T('/_/)/50@P/ —6%(«71)/6060/} [(i) - 00)}
(A.15)

where the (i, j) element of (—62£T(|/_/) /Owdy’) is evaluated at (y;, y;), and y, is a
convex combination of ; and y,,. In view of the consistency results in Theorem
4.1 and the stochastic equicontinuity for the sample information matrix proved in
Section A.3 above, we have

—0* ()

Tr(w) = DWTW

D, = J(wy), (A.16)

where J(y,) is defined by (5.4). Similarly,
H(0,)(0 — 0,) = h(8) — h(0,) + 0,(1). (A.17)

Notice that under the null hypothesis h(6,) = 0. Using the first-order conditions
(A.14) in (A.15) and (A.17), and then using (A.16) we obtain (after some algebra)

jpp(WO) 0 0 ﬁ,(\ﬁ - pO) d(l’o)
0 Too(we) H(O) || T@O—0,) |=|db) |+o,01),
0 H@, 0 3 0

(A.18)

Because Jy(¢,) is singular, a direct manipulation of (A.18) is not possible.
However, this problem can be overcome following Silvey’s (1959) approach. Since
H(0,)T(6 — 8,) = 0,(1), and therefore H,(0,)T(0 — 6,) = 0,(1), we can rewrite
(A.18) as
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J/)/)(V’O) 0 0 ﬁ@ - pO) d@O)
0 Joo(wo) H(0)) T(0—0,) | = | d(0) | +o,1),
0  H®@) 0 i 0
(A.19)

where Jgo(wo) = T po(w,) + H,(0)H,(0,) is a positive definite matrix with
probability 1. Note that H,(6,) has rank 72, and the rank of J,y(y,) is equal to
mr — r?, with probability 1. Therefore,

VTP = po) Tmwe) 0 0 d(p,)
TO—-0,) |= 0 Voo(wo)  Vaulwo) || db) | +0,(1),
yi 0 Vo, (wo)  Viuw) 0

(A.20)
where Vgy(y) is defined by (5.8) and

Vo (wo) = 350 (wo) H'(05) (H(00)J g9 (o) H' (8p)) ",
V.(wo) = —{H(00) 35 (wo)H'(6,)) . (A21)

Then, (5.7) readily follows from (5.3) and (5.4). The expression for the covariance
matrix in (5.8) can also be easily obtained using the following results:

Voo(wo)H'(0,) = 0,
VooWo) T 00(Wo)Voo(wo) = Vool — H'(06)V,(wo)] = Vop(wy),
which can be derived from inversion of the bordered matrix in (A.19). B

A.5 Proof of Theorem 5.2

Using a similar procedure as in the proof of Theorem 5.1, we have
VT = pg) *N{0. T, (wp)) and  T(8 — 0y) ~ MN{0, Vijy(y)).
(A.22)
where
Vg@('//o) = Jgol('//o) - JG_GI(WO)H;!(HO){HA (00)*]501('/’0)}1;1(00)}71
x H,(00M59 (wo). (A23)

is a random matrix, having rank mr — r* with probability 1.

Also in view of the consistency results in Theorem 4.1 and the stochastic
equicontinuity results established in Section A.3, we are justified to write down the
following Taylor series approximations of £,(y) and £,(y) around :

£5) = L) + AT — po) + A O)TO ~ 00) — 5 VTG~ o)

T opWNT(B — po) + T(0 — 00) T go(we)T(B — 0,)} + 0,(1),
(A.24)
and
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Lr(w) = Lr(wy) + d/(ﬂo)ﬁ@ —po) + d/(ﬂo)T(a — 0y — % WT@p - P

T 0o WINTB — po) + T(0 — 00) T go(wo)T(0 — 0))} + 0,(1).
(A.25)

Using (5.7) in (A.24), and (A.22) in (A.25), substituting the results in (5.6), now
yields

LRy = d'(0p)[Vijg(wo) — Vop(wro)d(By) + 0,(1). (A.26)
Next, let P=L, — H,(H.H,)'H, and P, =1, —H, (H ,H,,)"'H,,, where
H, = J,;*(wo)H (0,) and H,,, = J,,"*(ys)H/(0,). Then, using (5.8) and (A.23),
we have

VooWo) = 5y 2 (W) (o) and V(o) = 5 > (wo)PJ (W)

Substituting these results in (A.26) we have
LR =u'(P, —Pu+o,(1), (A.27)

where u = J(;(}]/ 2(1//0)d((90). Using (5.3), and (4.312 it is then easily seen that
utN@O, %), where X, =5, (W) T oWy (W) = L, — H(66)H,,(6).
Notice that X, is a non-stochastic matrix with rank mr — 2. Then, by Theorem
9.21 of Rao and Mitra (1971, p. 171), it follows that the quadratic form,
u' (P, — P)u, is x? distributed with degrees of freedom equal to Tr[(P, — P)Z,]
if and only if % (P, —P)Z,(P,—P)Z, =2, (P, —P)Z,, or [Z,(P,—P) =
[Z,(P, — P)]*. Now note that

(P, —P)={I,, —H,(0)H,(0,)}P, —P)
=P, — P —H(6,)H,(0,)P, + H(0)H,(0,)P =P, — P.

us

Since P, — P is an idempotent matrix, we also have
[Z,P—-P)F =[Z,P—-P) =P—P,.

Therefore, the quadratic term in (A.27) is asymptotically y?> distributed with
degrees of freedom equal to Tr[(P, — P)X, ] =Tr(P, —P) =k —r>. B
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