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ABSTRACT

In this paper we present a class of ratio type estimators
of the population mean and ratio in a finite population sample
surveys with without replacement simple random sampling design,
where information on an auxiliary wvariate =x positively
correlated with the main variate y is available. Large sample
approximations to mean square errors (M3E) of these estimators
are evaluated and their MSE's are compared with the MSE of the
usual ratio estimator jR of Y the population mean of y. It is
shown that under certain conditions these estimators are more
efficient than §R. When a prior knowledge of the value of the
coefficient of wvariation, Sy, of y is at hand, ratio type
estimator, say ¥,, of Y is proposed. It is shown, under certain
conditions, that §, is more efficient than ypr. When values of
Cys Cx and the population correlation coefficient p is at hand,
then we have proposed another estimator, say ¥, of ¥, which is

always better than yg as far as the efficiency is concerned. 1In
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fact, §, is shown to be even better than y,. Finally estimators

better than the usual ratio estimator ¥/% of ?/i are given.

1. INTRODUCTION

One of the significant developments in sample surveys over
the last three decades is the use of information on an auxiliary
character, correlated with the character under study, for
obtaining estimates of the population total or population mean for
the character under study. When such supplementary information is
available, various estimators for the population total or mean
have been devised for different sampling designs by using
different methods of estimation. For example, when the sampling
design is the simple random sampling and supplementary information
on an auxiliary character correlated with the main character is
available, the ratio and regression methods of estimation of the
population mean are among the most widely adopted methods in large
scale sample surveys since under certain circumstances, usually
met with, such estimators are more efficient than the conventional
unbiased estimators, such as mean per unit estimator.

In this paper we propose some ratio type estimators of the
population mean Y (or population total Y) of a characteristic of
interest y. In the ratio method an auxiliary variate x,
correlated with y is measured for each unit in the sample. The
population total X of x is assumed to be known. 1In practice, x
may be the value of y at some previous occasion when a complete
census or a sample survey was taken or it may concurrently be
measured along with y on each unit in the sample, (e.g. weight x
of an orange in the sample may be measured while measuring the
content y of vitamin C in the orange). The aim in this method is
to obtain increased precision by taking advantage of the
correlation between y and x.

When the design adopted is simple random sampling the ratio
estimate of the population mean Y is based on the sample means y

and x of y and x. Thus the efficiency of the ratio estimate is
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very much dependent on the efficiency of v and x as estimators of
Y and X. In this paper, we propose some new ratic type estimators
of Y based on some improved estimators y* of ¥ and/or some
improved estimators of (Y/X). We will show that under certain
circumstances these ratio type estimators are more efficient than
the usual ratio esitmator (y/x)X of Y.

In the sequel we will also present some estimators for the
ratio of the population total for y to population total for x.
These estimators are shown to be more efficient than the usual
ratio estimator (y/x).

Throughout this paper we assume that the population under
study is finite. The results for infinite population can be
deduced directly from the results given here. We also assume
throughout that the sampling design adopted is simple random

sampling without replacement.

2. THE RATIO ESTIMATOR AND ITS LARGE SAMPLE BIAS AND MSE

For the sake of completeness and comparisons with our
proposed estimators we briefly express the ratio estimator and its
large sample bias and mean square error (MSE).

Let us assume that there are N units in the population under
study and a without replacement simple random sample of n units is
drawn from this population. Let (xj,y;), i = 1,...n, be the
sample measurements on (X,y), y and x being respectively the main
and auxiliary variables. Let x = (Z0x;)/n and y = (30y;)/n be the
sample means for x and y respectively. Let X and ¥ denote the
population mean for x and y respectively. Then the usual ratio
estimator of ¥ is

Yr = (2.1)

Wi
=

Efficiency of a biased estimator is measured by the
reciprocal of the amount of its mean square error (MSE). Thus the
smaller the MSE the better the efficiency of the estimator. 1In

many sample surveys reduction in MSE, even by a very small amount,
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plays an important role and increases efficiency significantly of
the overall estimators. For example, in a stratified random
sampling with L strata the MSE of the estimator of the population
mean is approximately L times the MSE for the estimator of the
individual stratum mean (Cochran 1977, p. 165). Thus, if L, the
number of strate, is large, the overall MSE could be very large,
and even a slight reduction in the MSE for the individual stratum
mean estimator, would increase the efficiency of the overall
population mean estimator significantly.

Since

Cov($,x) = E(y) - E(§) E(x)

=Y - E(yp)

we have

E(yp) = ¥ - cov(,x),

so that the bias of the estimator yg of ¥ is

B(YR) = ((yR) - ¥) = - cov(L,x)
When the sample size n is large so that the terms of the order
0(n"%/2) and lower can be ignored, the most commonly
approximation to MSE(§R) is

v - 1-f 2 2q2
MSE(yR) a [Sy + R SX - 2RprS (2.2)

gl

where £ = n/N is the sampling fraction, R = Y/X, and

S2

1 . 1 .
y w1 2, N¥y;-1)? and $2 =57 =, N(x;-%)2

N-1

are population variances of y and x respectively, and p is the
population correlation coefficient between x and y, defined by

p = cov(x,y)/(SxSy).
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3. SOME NEW RATIO TYPE ESTIMATORS AND THEIR
EFFICIENCIES RELATIVE TO yg.

It is seen that the ratio estimator &R = (&/i)i is dependent
on & and x, and, therefore, its efficiency is also dependent on
the efficiencies of y and x as estimators of Y and X respectively.

As in Searl (1964), taking &* = k&, for some constant k, as

an estimator of y, it can be seen that

MSE(3*) = E(y* - )% = E(ky - D)2
= k2 var(y) + (k-1)2 ¥2

- b sz v eny o

For the sake of simplicity in writing, we, throughout this paper,

use the notation

The above expression for MSE(y%*) is minir ized at k = k, given by
kK, = [1+4«v C;]'1 , (3.1
where

Sy
Cy =%

is the coefficient of variation for y. With this choice of k, the

minimum MSE of
y¥ = (147 CE17y (3.2)
as an estimator of Y is given by

MSE(y*) = [1+yc§]'1 75; (3.3)
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which is clearly less than

MS(y) = var(y) = v s; . (3.4)

the mean square error of the mean per unit estimator y.

Thus, when we have a prior knowledge of Cy, the coefficient
of variation of y, we can construct a more efficient estimator y*
than y for estimating the population mean Y. A prior knowledge of
Cy sometime can be obtained from a most recent survey taken in the
past or by conducting a preliminary survey by utilizing a small
fraction of the budget allocated for the present survey. Thus it
is not entirely unrealistic to assume a prior knowledge of Cy.

Assuming that we have a prior knowledge of C,,, we propose a

yl
ratio type estimator

*
R, = - (3.5)

for the ratio

R =2 Population Total for y
X Population Total for x

)

and a ratio type estimator

- vk -
v, = 3% (3.6)

for Y, where §* is given by (2.4).
Now we compute MSE(R,) and MSE(&I). Since &1 = Rli, to
compute MSE(&I) it suffices to compute MSE(R,).
MSE(R,) = E(R,-R)?
- - 2

(y*-Rx.2 1 (y*-Bx

= E =) =55 B
b4 X x-X
(1+ X )
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- 5 EGH - R )
- EGr - R0 a2 BR s &

Retaining the first term which is of order n™! and ignoring the
terms of lower order, we have the large sample approximation to

MSE(R,) as

MSE(R,) = %; E(7* - Rx)2 (3.7)

Il—-‘

7 E((y* - ¥) - R(x-X))?2

s

1 - - - - - .
- }T{E[E(y*.y)z + R?E(x-X)? - 2Rk, cov(x,y)] ,

since y* = k,;y and E(x-X)(y*-¥) = k, cov(x,y), where k, is as
given in (2.1). Thus, since from Theorem 2.3, p. 25 of Cochran
(1977), cov(x,y) = v cov(x,y), from (3.3) and (3.7) we have

(3.8)

yle

MSER,) - X5 [k,S2 + RS2 - 2Rk;pSyS

From (3.8), since MSE(Y,) = %2 MSE(R,), we have

MSE(y,) = 7[kls; + R?S2 - 2Rk, pSySy]
C.
= “2p— 2 292
Y1 Zpr)kISy + R?52] (3.9)

Notice that MSE(&R) in (2.2) can be rewritten as

. 2an
- - 2 2g2 '
MSE(yR) y[(1 Cy )Sy + R SX] (2.2)

Thus MSE(y,) is clearly smaller than MSE(yg) whenever p >
(Cy/2Cy) .
We have thus proved the following theorem

Theorem 1. The mean square error of the estimator &1 in (3.6) fo

a3
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the population mean Y is given by

. C
: _ i=f o, B 2y-1g2 2q2
MSE(y,) Y [(1 2pcy)(l+ycy) Sy + R Sx]_ (3.10)
1-f Cx
- === (¥2 P 2y-1p02 2
o YOI 2pr)(1+7Cy) cy +C21
and if
1 Sy
1. (3.11)
then
MSE(y,) < MSE(ygR) . (3.12)

It is well known that (e.g. see Cochran 1977), that if p >
(Cx/2Cy), then MSE(yR) < MSE(y) = var(y). Thus, we get the
following corollary to Theorem 1.

Corollary 1. If
(CX/ZCy) < p< (Cy/2Cx), (3.13)
then

MSE(y,) < MSE(yg) < MSE(y) (3.14)

Instead of considering a specific est aator
v, = [+ C;(l-f)/n]"(&/i)i for ¥, let us consider a class of

ratio type estimators

- ky -

Vi = ;X . X (3.15)
for estimating the population mean Y. tan taking

By = = (3.16)

as an estimator of the ratio R of the popilation mean of y to that

of x, we can write MSE(ﬁk) as

MSE(Ry) = E(Rg-R)?
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- gk = B2
[X<1+z(x-X>/X>> ]

SR x-X x-X 2
E[(ky - RO)2(1-2055%) + 3¢5, .

1
X2

Again retaining the terms up to the order n™! and ignoring
the terms of lower order, we see that a large sample approximation

to MSE(ﬁk) is given by

MSE(Ry) = &5 E(-RR)?

-5 E{k(y-¥) - R(x-X) + (k-1)¥)?

- %; [KZE(§-9)2 + (k-1)2¥% + R2E(x-K)2 - 2Rkcov(X,¥)]

since other product terms are equal to zero. Thus, MSE(&k) =
X2 MSE(Ry) is given by

MSE(yy) = 1[k2s; + R25§ - 2RkpS,S,] + (k-1)2¥2 (3.17)

y)
where v = (1-f)/n.

We thus proved the following theorem.
Theorem 2. The large sample approximation up to order 1/n to the

mean square error of the estimator yy of Y is given by (3.17).
Further, if p > 0, then

MSE(yg) < MSE(yg) (3.18)

foxr every

27pCXC +1-+C2

0 <k« l+'yC>2,

(3.19)

where v = (1-£f)/n.
It can be checked easily that MSE(&k) obtained in (3.17)
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achieves its minimum value for

l+7pCXC
k =k, = —i;;bg_) (3.20)
Yy

Taking this value in (3.20) of k, define a new ratio type

estimator
) k29 ) 1+vypC_C - )
Sl S el HE D (3.21)
X l+7Cy X

for the population mean Y, where k, is as given in (3.20). Then
by substituting the value (3.20) of k in (3.17) and simplifying
the resulting expressions, it can be seen that the minimum value

of MSE(yy) is obtained as

l—pQVCi ZpRSXS
7 - —_— g2 292 _
MSE(F,) 7[ Toar 83+ RASI - o } (3.22)
y y
1-p24C2 -2p(C_rC )
— X X_Y_ o2 262
¥ { e 52 + R Sx] (3.23)

where v = (1-f)/n.
Theorem 3. If &2 given in (2.21) is taken as an estimator of ¥,

then its large sample mean square_error is given by (2.22) or

(2.23). Further, from (3.22) and (3.23),

MSE(y,) < MSE(y,) (3.24)

for all values of p, Cy and Cy,

After establishing that &2, as an estimator of ¥, is more
efficient than &1, without any condition on the values of p, Cy

and Cy, it is interesting to investigate how y, performs as an
estimator of Y compared to the usual ratio estimator. In this

regard we have the following theorem,
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Theorem 4. The ratio type estimator &2 is always more efficient

than the usual ratio estimator &R for estimating the population

mean Y: that is

MSE(y,) < MSE(yg) (3.25)

regardless the values of p, Cy and C

v
Proof: Notice that from (2.2), MSE(&R) can be rewritten as

_ Zpr
= - 2 2q2
MSE(Yg) 7[(1 G Sy + R sx}

Thus, from (3.23), MSE(y,) < MSE(yp) if and only if
[1-p27CE - 2p(Cx/Cy] < [1-2p(CX/Cy>}(l+WC§)
or, if and only if
2,02 R (2
PEyCE > [L1-2p(Cy/Cy) I( vcy)
or, if and only if
2002 /02 -
p (CX/Cy) + 1 2p(CX/Cy) >0
which is always true, since the left hand side is [l-p(CX/Cy)]z.
Not only that y, is more efficient that YR. We can compute
the exact reduction in MSE due to use of y, instead of yg for

estimating Y. In this context we have the following theorem

Theorem 5. The relation

) } [1—P(CX/C )12 ,
- — X ¥y 2q2
MSE(Yg) = MSE(§,) + e 120257 (3.26)

always holds.
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The following theorem gives the exact reduction in MSE due to

use of y, instead of y, as an estimator of Y.

Theorem 6. The relation

2
(vpCXS )

MSE(y,) = MSE(y,) + T

(3.27)
always holds.

Further, since MSE(&R) can be written as 7[1-2p(CX/Cy)]S; +
sti], it follows that from (3.9) that

72C2
o Y ‘ — B 2
MSE(yp)= MSE(y,) + Tz (1-Rp(Cy/Cy))S2 (3.28)

which is positive for p < Cy/(ZCX). Finally, as it is well known,
the variance (&) = MSE(&) of the usual simple random sample mean,

y taken as an estimator of the population mean ¥, can be split

into two parts as
var(y) = MSE(y) = 75; = MSE(yg) + (ZpCXCy-C;)ys;Yz ,

the reduction in MSE by use of §R instead of y as an estimator of

byt - - 2 '2 2 » . Py .
Y is (ZpCXCy Cx)vY Sy’ which is positive for p > CX/(ZCy)‘

4. CONCLUDING REMARKS

In conclusion &2 is always preferable to &1, which in turn is
preferable to 9R if 0<p< Cy/(ZCX); and the latter in turn is
preferable to mean per unit estimator y if p > CX/<2Cy). This
concludes that if (CX/(ZCy)) < p < (Cy/ZCX), then y,, as an
estimator of Y, is more efficient than any of the estimators y, yp
or y,. In fact, in the case (Cx/2Cy) < p < (Cy/20y), we have the

relation

MSE(y,) < MSE(y,) < MSE(yg) < MSE(y)
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It may, however, be noted that construction of y, requires a
prior knowledge of the coefficient of variation Cy, and the
construction of §2 requires a prior knowledge of p, Cy and Cy. As
noted earlier, in practical sample surveys, a prior value of p, Cy
or Cy can be guessed by utilizing appropriate information from a
most recent survey taken in the past or by conducting a
preliminary survey utilizing a small fraction of the full budget
allocated for the current survey.

For construction of confidence intervals for the population
mean Y based on our ratio type estimators vy, and y,, it is
necessary that we estimate MSE(&I) and MSE(&Z). Since sample

variances si and s;, given by

s; -3 P (xy-x)?

and

are unbiased estimators for S; and S; respectively, we can
estimate Cy, and Cy respectively by Cy, = (sy/%) and Cy = (sy/y).
Similarly, we can estimate the population correlation coefficient

¢ between x and y by the sample correlation coefficient

)

_ XY S T
T , where Sy = n-1 2P (x{-x)(yi-v)

SXSy

Now estimates of MSE(&l) and MSE(&z) can be obtained from

(3.10) and (3.22) after Eubsfituting S;, S;, Cy, Cy and p

respectively by s;, s;, Cx, Cy and r.
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