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A recent development in data compression area is Burrows–Wheeler Compression algorithm (BWCA). Introduced by
Burrows and Wheeler, the BWCA achieves compression ratio closer to the best compression techniques, such as partial
pattern matching (PPM) techniques, but with a faster execution speed. In this paper, we analyze the combinatorial
properties of the Burrows–Wheeler transformation (BWT), which is a block-sorting transformation and an essential
part of the BWCA, introduce a new transformation, and delineate the new transformation with the BWT based on the
multiset permutations.
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1 INTRODUCTION

Although the communication channels and storage mediums have been getting bigger and
cheaper, the amount of information we require or desire in our daily lives is increasing at an
even faster rate. Entertainment, telecommunications and the Internet are part of our daily life.
People enjoy movies and music, use telephones to communicate with their friends, families
or conduct business, and utilize the Internet to surf, read on-line news, search for information
and communicate. Unlike in the past, today we use digital communication systems and net-
works, and digital representation of movies, newspapers, articles, books, TV, music, images
and voice.

As the amount of information that is needed and available increases, a tremendous amount
of data are communicated through networks and other communication channels. To handle the
traffic and increase the throughput, effective data compression schemes are needed.

Data compression is the process of transforming an input data stream (the source stream
or original raw data) into another data stream (the output or the compressed stream) that has
smaller size. A stream is either a file or buffer in the memory. Data compression is popular for
two reasons: (1) People like to accumulate things and hate to throw anything away. No matter
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1214 Z. ARNAVUT AND M. ARNAVUT

FIGURE 1 Burrows–Wheeler Compression algorithm.

how big a storage device one has, sooner or later it will overflow. Data compression is useful
because it delays this inevitability. (2) People hate to wait a long time for data transfers. When
waiting for a web page to show up on the screen or when downloading a file, human beings
naturally feel that anything longer than a few seconds is too long to wait.

One of the recent developments in the data compression area is the block-sorting lossless
data compression algorithm (also known as BW94, block-sorting coder, Burrows–Wheeler
compression) technique introduced by Burrows and Wheeler [9]. We use the name
Burrows–Wheeler Compression algorithm (BWCA) as the name BWCA is more widely
in use. When applied to text or image data, BWCA achieves better compression rates than
Ziv–Lempel techniques with comparable speed, while its compression performance is close
to that of context-based methods, such as partial pattern matching (PPM) based techniques.

The scheme of the BWCA is presented in Figure 1. The first step performs the lexical
(alphabetical) sorting transformation, which is widely known as Burrows–Wheeler transfor-
mation (BWT).

The second major step of the BWCA is the move-to-front (MTF) coder. Introduced by
Bentley et al. [8] (independently discovered by Elias [14]), MTF coding is an adaptive tech-
nique, which is used when the data have locality of reference [8]. The MTF coder has been an
essential part of BWCA and all other variants, such as Bzip [20], Szip [18] and others. Since
the introduction of BWCA, several researchers [6, 7, 10, 12, 13, 15, 17, 21] have modified or
replaced the MTF coding technique in BWCA.

The final stage of the BWCA coder is a statistical compressor, such as an arithmetic [22]
or Huffman coder [16].

While many researchers investigated on improving the compression gain by modifying or
replacing MTF coder in the BWCA, little work has been done on the mathematical theory of
BWT. The first mathematical analyzes of BWT based on group theory appeared in Refs. [1–3].
Recently, the authors [4] investigated possibility of other block transformations for multi-
set permutations, and in Ref. [5] the author generalized the BWT for multiset permutations.
Schindler [18, 19] gives an algorithmic, non-mathematical description of the block-sorting
technique associated with the BWT. Later, Schindler’s work was explained more throughly by
Yokoo [23].

This work further investigates combinatorial properties of block-sorting schemes using
multiset permutation (data strings), introduces a different block-sorting transformation, linear
order transformation (LOT), and investigates the relationship between LOT and BWT.

2 MATHEMATICAL PRELIMINARIES

In this work, we assume knowledge of some basic mathematical concepts, including famil-
iarity with elementary properties of standard objects of discrete mathematics. However, to set
the stage for our later discussion, we begin by recalling some definitions and corresponding
notations.

By a permutation π of a finite set X we mean a bijection (i.e. a one-to-one and onto
function) from X onto itself. We use standard functional notation to denote permutations;
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SORTING OF MULTISET PERMUTATIONS 1215

for example, if X = {x1, x2, x3, x4, x5} and π : X → X such that π(x1) = x2, π(x2) = x3,
π(x3) = x1, π(x4) = x5 and π(x5) = x4, then we denote π by:

π =
(

x1 x2 x3 x4 x5

x2 x3 x1 x5 x4

)
.

If we select a particular fixed order for the elements ofX, once and for all, say [x1, x2, x3, x4, x5],
then we can specify π by simply writing the sequence corresponding to the bottom row,
[x2, x3, x1, x5, x4], in the functional notation above. Thus, we can also write:

π = [x2, x3, x1, x5, x4].

This is called the Cartesian form ofπ .The set of all permutations onX forms a group under func-
tional composition, called the symmetric group on X, and denoted by SX. If X = {1, 2, . . . , n},
then we simply denote SX by Sn.

The idea of permutations on a set X can be extended to multiset. By a multiset M based
on a set X we mean a pair (X, f ), where f : X → N is a function from X into N and called
as the frequency (multiplicity) function. The size of M is defined by |M| = ∑

x∈X f (x), say
|M| = n.

A multiset permutation ω based on multiset M = (X, f ) is a mapping ω: {1, 2, . . . , n} →
X, such that if x ∈ X

f (x) = |{j : 1 ≤ j ≤ n, ω[j ] = x}| =: fx.

This mapping is onto but not always one-to-one. Thus, unlike permutations, multiset per-
mutations are not always bijective maps. Intuitively, we can think of a multiset permutation
ω: {1, 2, . . . , n} → X as a linear array [ω[1], ω[2], . . . , ω[n]], where x ∈ X appears as an
element in ω exactly f (x) times. If the underlying set has an implicit or explicit linear order,
say X = {x1, x2, . . . , xm} with x1 < x2 < · · · < xm, then we sometimes denote the multiset
by product-exponential form

M = x
fx1
1 · x

fx2
2 · · · xfxm

m ,

where fxi
(= f (xi)) is the frequency of element xi .

From now on, in this paper, we assume X = {1, 2, . . . , m}. Hence, [2, 1, 3, 3, 1, 3, 2]
is a multiset permutation of M = (1, 1, 2, 2, 2, 3, 3) = 12 · 23 · 32. In functional notation,
a multiset permutation σ = [1, 3, 3, 1, 2] is represented as

σ =
(

1 1 2 3 3

1 3 3 1 2

)
.

Unlike permutations, multiset permutations do not form a group under functional composition.
We define a new operation denoted by ‘·’, on multiset permutations as follows.

Let σ = [1, 3, 3, 1, 2] and φ = [3, 1, 1, 2, 3] be multiset permutations represented in the
Cartesian form defined on M = (1, 1, 2, 3, 3). By the · product of two multiset permutations,
σ and φ, we mean that σ and φ are to be performed in that order. For example, in functional
form,

σ · φ =
(

1 1 2 3 3

1 3 3 1 2

)
·
(

1 1 2 3 3

3 1 1 2 3

)
=

(
1 1 2 3 3

3 2 3 1 1

)
=: θ.
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1216 Z. ARNAVUT AND M. ARNAVUT

To form θ , scan the top row of σ from left to right, and for each value i, which appears at the
top row of σ , determine σ(i) = j , where j is the value that occurs below i at the bottom row
of σ . If j occurred l times previously, find the lth j in the top row of φ, by scanning from left
to right, and determine the value k, which occurs at the bottom row under j in φ. If, φ(j) = k

is determined, then σ · φ(i) = k = θ(i); so, for our example, in the first iteration, we see that
the first entry of σ has a value 1, and σ(1) = 1; while the first entry at the top row of φ is 1,
and φ(1) = 3. Thus, θ(1) = 3. In the second iteration we use the second 1 from the top row
of the functional representation of σ and because σ(1) = 3, we determine where 3 is mapped
in φ. Since this is the first time that a 3 has occurred, φ(3) = 2. Thus, θ(1) = 2. In the third
iteration, σ(2) = 3. As this is the second occurrence of 3, the second 3 from the top row of the
functional representation of φ is utilized. Thus, φ(3) = 3 and θ(2) = 3. Repeating the process
in this manner, we form θ .

In this work, we define the identity permutation of a multiset M = 1f1 · 2f2 · · · mfm as
IM = [1, 1, . . . , 1, 2, 2, . . . , m, m, . . . , m]. Note that, the elements in IM give rise to a partition
of blocks, B1, B2, . . . , Bm, where for all v ∈ Bi , v = i and fi = |Bi |, for 1 ≤ v ≤ m. We define
that the image of an element x ∈ X of a multiset permutation σ , Imσ (x), is the set of all elements
where xs at the top row of the functional representation of σ are mapped to the bottom row.
For example, Imσ (1) = {1, 3}, Imσ (2) = {3} and Imσ (3) = {1, 2}. Similarly, we define that the
preimage of an element x ∈ X of a multiset permutation σ , Pimσ (x), is the set of all elements
where xs at the bottom row of the functional representation of σ are mapped to the top row
elements. For example, Pimφ(1) = {1, 2}, Pimφ(2) = {3} and Pimφ(3) = {1, 3}.

Let ω be a multiset permutation. By taking the set of all the possible permutations of the
preimages of each different element in ω, we define the inverse set of ω and denote it by Tω.
For example, in the case of the multiset permutation φ, the inverse set Tφ is

{[1, 2, 3, 1, 3], [1, 2, 3, 3, 1], [2, 1, 3, 1, 3], [2, 1, 3, 3, 1]}, (1)

and the inverse set for each of the multiset permutation given in Eq. (1) is

{[1, 3, 1, 2, 3], [1, 3, 1, 3, 2], [3, 1, 1, 2, 3], [3, 1, 1, 3, 2]}. (2)

Notice that φ is the third multiset permutation appearing in Eq. (2), and φ · [1, 2, 3, 1, 3] = IM.
There is always a unique element in the inverse set Tω, say γ , such that ω · γ = IM. We

call γ the inverse of ω. Hence, [1, 2, 3, 1, 3] is the inverse of φ.
Clearly, γ can be obtained as follows: Interchange the lines of the two-line representation

(functional form) of a multiset permutation and then do a stable sort of the columns in order to
bring the top row into non-decreasing order. From now on, unless specified otherwise, when
we say inverse of a multiset permutation, we mean the inverse obtained by applying the process
explained above. Hence, the inverse of the multiset permutation φ is:

φ−1 =
(

1 1 2 3 3

3 1 1 2 3

)−1

=
(

1 1 2 3 3

1 2 3 1 3

)
.

Note that, for any multiset permutation φ, φ · φ−1 = IM, but φ−1 · φ �= IM. Hence, in general
for every multiset permutation γ in Tφ , γ · φ �= IM. Hence, multiset permutations do not form
a group under the operation ·, in general.
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SORTING OF MULTISET PERMUTATIONS 1217

THEOREM 2.1 Two multiset permutations are in the inverse sets of each other if and only if
the set of preimages of each is equal to the set of images of the other.

Proof Let σ and φ be two multiset permutations, and Tσ and Tφ be the inverse sets of σ and
φ, respectively. Assume that σ ∈ Tφ and φ ∈ Tσ . Let, a ∈ X and b ∈ Pimφ(a). Since σ ∈ Tφ ,
σ(a) = b. Thus, b ∈ Imσ (a). Now, let b ∈ Imσ (a), then σ(a) = b. Since σ ∈ Tφ , b ∈ Pimφ(a)

and therefore,

Imσ (a) = Pimφ(a), for all a ∈ X.

Similarly,

Imφ(a) = Pimσ (a), for all a ∈ X.

Conversely, if b ∈ Pimφ(a) = Imσ (a), for any a ∈ X, then σ(a) = b. Therefore σ ∈ Tφ .
Similarly, φ ∈ Tσ . �

3 BLOCK-SORTING OF MULTISET PERMUTATIONS

Given a permutation π of a set X = {1, 2, 3, . . . , n}. Construct a matrix N , by forming suc-
cessive rows of N that are consecutive cyclic left-shifts of the sequence π . By sorting the
rows of N lexically (alphabetically), we may transform N to a different matrix, N ′. Arnavut
and Magliveras [2, 3], have shown that such a matrix forms a cyclic group, and has Eulerian
number of generators when n is a prime number. Otherwise N ′ has two generators.

A permutation has distinct elements. Therefore, each row in N has distinct elements.Arrang-
ing rows of N in lexical order (i.e. treat each row as a string and sort them alphabetically) is
equivalent to ordering in linear order (i.e. sort the rows with respect to the first entry of each row
without considering the rest of the symbols). Thus, linear or lexical sorting of rows produces
the same permutation matrix, N ′. This may not be true for the general case of permutations,
namely for multiset permutations, because, the elements of a multiset permutation may not be
distinct. For example, if the multiset permutation is ω = [3, 1, 3, 1, 2], we construct the matrix

M =




3 1 3 1 2

1 3 1 2 3

3 1 2 3 1

1 2 3 1 3

2 3 1 3 1




,

by forming the successive rows of M , which are consecutive cyclic left-shifts of the sequence
ω. By sorting the rows of M lexically we transform it to

M ′ =




1 2 3 1 3

1 3 1 2 3

2 3 1 3 1

3 1 2 3 1

3 1 3 1 2




,
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1218 Z. ARNAVUT AND M. ARNAVUT

while by sorting the rows of M linearly, we transform it to

M̄ =




1 3 1 2 3

1 2 3 1 3

2 3 1 3 1

3 1 3 1 2

3 1 2 3 1




.

Hence, we obtain two distinct matrices, with respect to two different orderings. M ′ and M̄

have the same rows, but the ordering of the rows is different. Let F ′ be the first, S ′ the second
and L′ the last column vector of M ′, and let F̄ be the first, S̄ the second and L̄ the last column
vector of M̄ . From M ′ and M̄ , it is clear that the first columns of both matrices (F ′ and F̄ ) are
sorted values of ω in ascending order, while the other columns are different.

As shown in Figure 2, there is a relationship between F ′ and L′ of M ′, which may not hold
for other columns of M ′: The ith v value in F ′, where 1 ≤ i ≤ v, occurs as the ith v value in
L′. We call this relationship order-relationship and prove it in Lemma 3.1.

A lexically ordered multiset permutation matrix M ′ is composed of rows
(M ′

1, M
′
2, . . . , M

′
n)

T, where M ′
i = [M ′

i,1, . . . , M
′
i,n] is the ith row in M ′. Let (M ′

i )
l denote

the multiset permutation formed by cyclicly shifting M ′
i to the left once. Clearly, (M ′

i )
l is one

of the rows of M ′, since M ′ consists of lexically ordered, cyclicly shifted rows of a multiset
permutation.

LEMMA 3.1 Let � denote the lexical ordering between any two rows of M ′. If M ′
i �M ′

j and
M ′

i,1 = M ′
j,1 = v, for some 1 ≤ v ≤ m, then (M ′

i )
l �(M ′

j )
l .

Proof Let M ′
i = [M ′

i,1, . . . , M
′
i,n] and M ′

j = [M ′
j,1, . . . , M

′
j,n] be any two rows of M ′, with

the condition that M ′
i,1 = M ′

j,1 = v. Clearly, if M ′
i = M ′

j , then (M ′
i )

l = (M ′
j )

l . If M ′
i �M ′

j and
M ′

i �= M ′
j , then there exists a position k, 1 < k ≤ n, such that M ′

i,k < M ′
j,k and M ′

i,l = M ′
j,k (1 ≤

l < k). Cyclic left shifting of M ′
i and M ′

j results in (M ′
i )

l = [M ′
i,2, . . . , M

′
i,k, . . . , M

′
i,n, M

′
i,1]

and (M ′
j )

l = [M ′
j,2, . . . , M

′
j,k, . . . , M

′
j,n, M

′
j,1]. Now, (M ′

i,k−1)
l = M ′

i,k and (M ′
j,k−1)

l = M ′
j,k ,

and hence (M ′
i,k−1)

l < (M ′
j,k−1)

l . Therefore, (M ′
i )

l �(M ′
j )

l . �

A consequence of Lemma 3.1 is that the last element of (M ′
i )

l , M ′
i,1, appears earlier than the

last element of (M ′
j )

l , M ′
j,1, in L′.

THEOREM 3.1 There is a bijection based on order-relationship between the last column L′
and the first column F ′ of M ′.

Proof The first column F ′ of M ′ is the identity multiset permutation IM and consists of f1

1s, f2 2s, . . . , fm ms, where n = f1 + f2 + · · · + fm. Starting from v = 1, searching L′ from

FIGURE 2 Relations of the first and last column elements of M ′.
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SORTING OF MULTISET PERMUTATIONS 1219

top to bottom for each occurrence of v and numbering each occurrence consecutively for each
v (1 ≤ v ≤ m), yields a permutation, π . This permutation defines a bijective map between the
first column (F ′) and the last column (L′) of M ′.

It follows from Lemma 3.1 that π has order-relationship: for any given two rows M ′
i and

M ′
j of M ′, where M ′

i,1 = M ′
j,1 = v, if M ′

i �M ′
j , then (M ′

i )
l �(M ′

j )
l in M ′. This completes the

proof of Theorem 3.1. �

The permutation obtained from the process described in Theorem 3.1 is called BWT. Permuta-
tion matrix N ′, formed by cyclicly shifting a permutation and lexically ordering its rows, forms
a cyclic group. This has been shown by Arnavut and Magliveras [2, 3]. Multiset permutations
do not form a group, but they possess an interesting property, which is shown in the following
theorem.

THEOREM 3.2 Let the last column of M ′, L′, be denoted by σ . Then M ′ is of the form
(IM, σ n−1, . . . , σ 2, σ ), where σ j = σ · σ j−1, j = 2, . . . , n − 1.

Proof Let M ′ be a n × n matrix obtained by lexically sorting the rows formed by cyclicly
left shifting ω, where n = f1 + f2 + · · · + fm and X = {1, 2, . . . , m}. Let M ′

i,j represent the
value that appears in the ith row and j th column of M ′. To find M ′

i,n−1, shift the ith row of
M ′ (n − 1) times to the left, so that M ′

i,n−1 is the last element of the row. Then M ′
i,n will be

the first element of the row that will be formed. Hence we obtain M ′
i,n−1 = σ(M ′

i,n), where
M ′

i,n = σ(x), for some x ∈ X. By Lemma 3.1, if M ′
i,n = v is the kth occurrence in L′, then v

is the kth occurrence in Bv of F ′. Thus,

M ′
i,n−1 = σ(M ′

i,n) = σ · σ(x) = σ 2(x).

Hence, we determine that the (n − 1)th column of M ′ is σ 2. To find M ′
i,n−2, left shift (n − 2)

times the ith row of M ′, so that M ′
i,n−2 is the last and M ′

i,n−1 is the first element of the row that
will be formed. By the same argument,

M ′
i,n−2 = σ(M ′

i,n−1) = σ · σ 2(x) = σ 3(x),

where if M ′
i,n−1 = v is the kth occurrence in L′, then v is the kth occurrence in Bv of F ′.

Hence, the (n − 2)nd column of M ′ is σ · σ 2 = σ 3. Continuing this process, we have M ′ =
(IM, σ n−1, . . . , σ 2, σ ), where σ j = σ · σ j−1, j = 2, . . . , n − 1. Notice that, σn = IM and
σn−1 = σ−1 (i.e. σ · σ−1 = σ · σn−1 = IM). �

The theory established so far is related to lexical ordering. We now investigate another ordering,
which we call linear ordering.

DEFINITION 3.1 The linearly ordered matrix M̄ of a multiset permutation ω of a multiset M
with size n from an underlying set X = {1, 2, . . . , m}, is formed as following:

1. Starting with ω, form a n × n matrix M by cyclicly left-shifting the successive rows.
2. Sort the rows of M in ascending order with respect to the first element of each row in M .

The rows of M̄ are formed by scanning ω from left to right and for each v ∈ X determining
the positions j1, j2, . . . , jfv , where v occurs in ω, and for each occurrence of v cyclicly left
shifting ω (jk − 1) positions (1 ≤ k ≤ fv). In essence, since ω ∈ M = 1f1 · 2f2 · · · mfm , we
first construct f1 linearly ordered rows obtained from ω whose first entries have value 1, then
f2 linearly ordered rows whose first entries have value 2, and so on. Hence, F̄ of the resulting
linearly ordered matrix M̄ consists of the sorted values of ω, i.e. F̄ = IM. However, IM could
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1220 Z. ARNAVUT AND M. ARNAVUT

also be obtained by simply indexing the values in ω, and then sorting ω in ascending order.
This operation would result with an identity multiset permutation and a sorting permutation,
π s. The second column is the arrangement of the values in the first column with respect to
the permutation γ , where γ (i) = (π s(i) + 1)mod n and n = |M| as each value in S̄ is the
neighbour of the value in F̄ .

An obvious observation about the linearly ordered matrix M̄ is that: For any given two
pairs from the first two columns of M̄ , (F̄i , S̄i) and (F̄k, S̄k), with the condition, F̄i = F̄k , then
(F̄i , S̄i) appears earlier than the pair (F̄k, S̄k) in M̄ (scanning from top to bottom), if and only
if the pair appears earlier in ω (scanning from left to right). Obviously, the linear ordering
induces a particular order on the pairs of the elements, (F̄ , S̄). Thus, we can recover ω if we
know S̄ and the row index of ω in M̄: In our example, ω = [3, 1, 3, 1, 2] occurs at position 5
and the second column is S̄ = [3, 2, 3, 1, 1]. Given S̄ and the row index of ω in M̄ , one can
construct ω by obtaining the frequencies of the elements in S̄ using the count sort [11] in one
pass. Then F̄ = [1, 1, 2, 3, 3] = IM ; hence, the first two columns (F̄ , S̄) of M̄ are

(
1 1 2 3 3

3 2 3 1 1

)T

.

Accessing to the fifth position of (F̄ , S̄), we acquire the first two elements of ω, (F̄5, S̄5) =
[3, 1]. By marking the fifth entry we eliminate it from further consideration (from the two-
tuple (F̄ , S̄)). To find the rest of the elements of ω we should determine what follows S̄5 = 1
in ω. Thus, we scan the F̄ from top to bottom and determine the first unused (unmarked) entry
that has a value 1. This is the third element of ω. In our example, this is the first entry where
F̄1 = S̄5 = 1. Hence, S̄1 = 3 should follow S̄5 = 1 in ω. We then eliminate consideration of
the first entry from the two-tuple (F̄ , S̄). Since S̄1 = 3 is determined, the process is repeated
to get the fourth element of ω. Again, we scan F̄ to determine the position of the first unused
entry that contains S̄1 = 3. By finding the first unused entry that contains the value 3 at position
four in F̄ , we discover that the fourth element of ω is S̄4 = 1. This entry is eliminated from
further consideration. Finally, to find the fifth element of ω, we scan to seek the first unused
entry that has value 1 in F̄ . Since the first entry that has a value 1 is used previously, the second
entry is considered, F̄2 = 1. Therefore, the last element of ω is S̄2 = 2, and ω = [3, 1, 3, 1, 2].

We generalize this process by the following theorem.

THEOREM 3.3 Knowledge of the second column S̄ of M̄ and the row index of a multiset
permutation ω in M̄ allows us to recover ω.

Proof Let the location of the row ω in M̄ be l1. Given the row index l1 and S̄, we can construct
ω. Since S̄ is known, F̄ = IM is constructed by finding the frequencies of different symbols
in S̄. The first two elements of ω are then F̄l1 and S̄l1 . Eliminate the entry l1 of F̄ from further
consideration. What follows S̄l1? It should be the element that follows the first value S̄l1 in F̄

(from top to bottom). Let this value be in position l2 in F̄ . Hence, S̄l1 = F̄l2 should be followed
by S̄l2 . Eliminate the entry l2 of F̄ . What follows S̄l2 ? It is the element in the second row that
follows the first value S̄l2 in F̄ . Let the index for this value in F̄ be l3. Hence, S̄l2 = F̄l3 is
followed by S̄l3 . Repeating this process, we can form ω uniquely. �

The theory established for lexically ordered matrix shows that the knowledge of L′ and
the row index of w in M ′ allows us to recover w. For a linearly ordered matrix, instead of
L̄, we need to know S̄ to recover w. From Theorem 3.2, we know that M ′ is in the form
(IM, (L′)n−1, (L′)n−2, . . . , L′). Similarly, is M̄ in the form (IM, S̄, (S̄)2, . . . , (S̄)n−1)? Unfor-
tunately the answer is no: In our example, the second column S̄ of the M̄ constructed from
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w = [3, 1, 3, 1, 2] does not generate the third or fourth column of M̄ . Note that, if we use
any multiset permutation (M ′

i )
l (1 ≤ i ≤ n), we obtain the same lexically ordered matrix M ′.

Hence, each (M ′
i )

l (1 ≤ i ≤ n) has the same generator, L′. However, in the case of linear
ordering, for each multiset permutation (Mi)

l (1 ≤ i ≤ n), we may obtain a different linearly
ordered matrix M̄ . Hence, each multiset permutation may have a different generator.

Despite the differences exhibited above, another question that needs to be addressed is:
Under which condition(s) would the matrix generated by lexical ordering or the matrix formed
by the linear ordering be equivalent for a given multiset permutation?

LEMMA 3.2 For any given a ∈ X, ImL̄(a) = ImL′(a) and PimL̄(a) = PimL′(a).

Proof The first column of M ′ and M̄ is the identity multiset permutation, IM. We know that
IM gives rise to a partition of blocks B1, B2, . . . , Bm, where for all Bi , v = i and fi = |Bi |,
for 1 ≤ v ≤ m. Consider the rows in M ′ and M̄ to be partitioned with respect to the blocks
of the IM. Each block in M ′ and M̄ consists of the same rows, but may be in different order.
Therefore, for every a ∈ X, ImL̄(a) = ImL′(a) and PimL̄(a) = PimL′(a). �

THEOREM 3.4 S̄ of M̄ and L′ of M ′ are in the inverse sets of each other.

Proof By Theorem 2.1, it is sufficient to show that for any given a ∈ X, PimS̄ (a) = ImL′(a)

and PimL′(a) = ImS̄ (a). Fix a ∈ X. Let b ∈ PimS̄ (a). Then, consider the rows that start with
a (i.e. Ba). Hence, b has to be the last element of one of the rows in Ba . Thus, b ∈ ImL̄(a), and
so by Lemma 3.2, b ∈ ImL′(a). Conversely, if b ∈ ImL′(a), then a has to be the last element
of one of the rows which start with b (i.e. Bb). Hence, b ∈ PimL′(a). Again, by Lemma 3.2,
b ∈ PimL′(a). Thus, for every a ∈ X,

PimS̄ (a) = ImL′(a).

Similarly, for every a ∈ X,

PimL′(a) = ImS̄ (a). �

4 SUMMARY AND CONCLUSIONS

Recently, the block-sorting schemes have taken great attention in data compression area, since
the introduction of the BWT by Burrows and Wheeler [9]. Arnavut and Magliveras [2, 3] have
given the theoretical settings of block-sorting schemes for permutations and shown that lexical
sorting permutation algorithm may yield optimization choices when the data to be transmitted
is a permutation.

In this work, we investigated block-sorting transformations of multiset permutations (data
strings). We generalized the BWT based on the multiset permutations, and show that it has an
interesting combinatorial formulation. In addition, a new transformation, LOT, is introduced.
The relationship between the LOT and BWT is theoretically delineated and shown that the
data transformed under LOT or BWT, are in the inverse set of the other transformation.
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