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1 INTRODUCTION

In [4], Kaplansky conjectured that if H is a semisimple Hopf algebra
over an algebraically closed field of characteristic 0, then for any irreducible
H-module V we have dimy V| dimi H. When H is the group algebra of
a finite group this is a well known result due to Frobenius (this is the reason
why a Hopf algebra which satisfy Kaplansky’s conjecture is called of Fro-
benius type).

In the last years, there have been obtained some results of this type for
specific classes of semisimple Hopf algebras. More exactly in [7] it was
proved that if H is semisimple and dim; H = p", for a prime number p, then
H is of Frobenius type; and in [3] it was showed that any quasitriangular
semisimple Hopf algebra is of Frobenius type.

It is known (see [2] or [8]) that if G is a finite group then Frobenius’
result may be improved in the following sense: if 7 is an irreducible
G-module then dimy. V' | [G : Z(G)] (this result is attributed in [2] to Schur).

In this paper we shall consider classes of semisimple Hopf algebras
which are closed under tensor product, quotient and are of Frobenius
type; then for any class C, of this type, we shall prove that we have the
following result: if HeC and V is an irreducible H-module then
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dimy V' | [H : Zyop(H)], Where Zy,,/(H) is an appropriate center for a Hopf
algebra.

In particular we shall see that a positive answer to Kaplansky’s con-
jecture would allow us to extend the above mentioned result to any semi-
simple Hopf algebra over an algebraically closed field of characteristic 0.

2 PRELIMINARIES

In this paper k is an algebraically closed field of characteristic 0, ®
means ®y, we shall use Sweedler’s “‘sigma notation”, and all Hopf algebras
considered are finite dimensional. If V'is an H-module and & € H, we denote
by hjy : V — V the multiplication with /2 and #ry(h) will be tr(hyy). If His a
semisimple Hopf algebra we shall say that H is of Frobenius type if for any
irreducible H-module V' we have dimy V' | dimy H. For general results about
Hopf algebras we refer to [6] and [10].

Let H and L be two semisimple Hopf algebras, then H® L is
a semisimple Hopf algebra with the natural structure given by the tensor
product. Moreover a nonzero integral in H ® L is given by A ® A (where A
is a nonzero integral in H and A is a nonzero integral in L). It is also easy to
see that if K C H is a normal Hopf subalgebra then H/K'H is also a
semisimple Hopf algebra.

If H is a Hopf algebra and V is a finite dimensional A-module then the
character y,, € H* is defined by y(a) = try(a) for all a € H. If H is semi-
simple we have orthogonality relations between the characters of irreducible
modules, similar to those for characters for irreducible G-modules, where G
is a group. More exactly, if A € H is an integral such that ¢(A) =1 (this
always exists because H is semisimple, see [6]), V' and W are irreducible
H-modules, then:

(xv,xw) =1 when V= W (1)

(vsxw) =0 when V£ W (2)

where (xp, xw) = > xv(Au))xw(S(A))). This result may be found in [5]
or [11].

For a finite dimensional Hopf algebra H it was defined in [1] the Hopf
center of H, as the maximal central Hopf subalgebra of H. It is also known
that in any finite dimensional Hopf algebra there is a unique maximal
cocommutative Hopf subalgebra (see for example [9]).

In this paper we shall need a Hopf subalgebra being maximal with
respect to both these properties, so we denote by Zy,,(H) the maximal
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central and cocommutative Hopf subalgebra of H, which of course is just
the intersection of the above two Hopf subalgebras. It is not difficult to
prove that: ZHopf(H) = {a € H|e(h) Z ap) ®an) ®aga) = e(h) Z any ® ap)
®ag) = Z any ® /’l(l)a(z)S(h(z)) @ ag) forall h € H}

Remark 2.1.  Zp,,/(H) is a Hopf subalgebra of H, so by the Nichols-Zoeller
theorem (see [6]), H is a free Zp,,(H)-module of finite rank. Now by
analogy with groups we denote this rank by [H : Zy,,(H)].

Proposition 2.2. Let H and L be two semisimple Hopf algebras. If U € H —
mod and V € L — mod are irreducible modules, then U® V € (H® L) — mod
is also an irreducible module and yyq,(h & 1) = xy(h)xy (1) for all h,l € H.
Moreover, any irreducible H @ L-module is of this form.

Proof: The statements are actually general facts for semisimple algebras
over algebraically closed fields, so we shall not give any prove. O

3 THE MAIN RESULT AND EXAMPLES

We first have to give a definition which establishes the type of classes
which are of interest in our paper.

Definition 3.1. Let C be a class of semisimple Hopf algebras such that:

i) ifH LeCthen HR Le€C
ii) if He€ Cand K C H is a normal Hopf subalgebra then H/ HK' € C
iii) for all H € C, H is of Frobenius type.

Then we shall say that C is a closed class of Frobenius type.

Example 3.2. Let p be a fixed prime number and C, the class of all semi-
simple Hopf algebras H, with dimy H = p" for some n € N*; then from [7] it
follows that C, is a closed class of Frobenius type.

Example 3.3. If we take C' to be the class of semisimple Hopf algebras
which are quasitriangular, then from [3] it follows that C' is a closed class of
Frobenius type.

We are ready now to give the main result of this paper.

Theorem 3.4. If C is a closed class of Frobenius type, H € C and U is an
irreducible H-module then we have:

dimi U | [H : Zpop(H))
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Proof. Let U be an irreducible H-module and m a positive integer. We

denote by H,, the Hopf algebra H®™, then by Proposition 2.2 U®" is an
irreducible H,,-module.

Ziop/(H) is a commutative, cocommutative, semisimple Hopf algebra
and so we can identify it with the group algebra of a finite commutative
group Cy. We have a map n,, : Cjj — Cp defined by:

(€1, €2y vy Cm) = ClC2 .. Cy
and is easy to see that 7, is a group morphism (Cy is commutative). Let K,
be the group algebra k[ker(r,,)] and identify k[C73] with (Zpey(H))®". Then

K, is a normal Hopf subalgebra in Z H(,l,?,w(H)Q@"7 (and so K,, is normal in H,,)
and

dimy, K,y = (diny Zgopr(H))™! (3)
We want now to prove that U®™" is an irreducible H,,/H, K -module.
So let z=>"0 (zp, zﬁn)) € K,, where (zp7 .. zﬁn)) € ker(m,,); we chose

) € k such that: ( 1(‘))\(/ = r/_/( Vidy (this is p0551ble because zO € Z(H), and
U is irreducible), then:

Z)idU = ZOC,‘I‘U

soiffu=u ®- - Qu, € U we have:
Zu = Za,-zgljul ®--® zﬁ,?um
= Zainﬁi)ul © - @ 11\,

—za N @ - )

zs(z)u1®-~~®um
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and this can be rewritten as:
(z—e(z)) U =0

for all z € K,,, which means that U®" is a H,,/H,K;-module. It is irre-
ducible because U®™ is an irreducible H,,-module.
Now because C is a closed class of Frobenius type we have:

dimy U™ | dimy, (H,/ Hy K

m

which by (3) and Theorem 3.3.1 from [6] becomes:

(dimy, UY™ | (dimy, H)™ | (dimy; Zpgopr(H))"™"

Since m may be any positive integer we obtain:
dimk U| [H: ZHopf(H)]
which proves our statement. ]

Remark 3.5. If Kaplansky’s conjecture is true, that is if any semisimple
Hopf algebra over an algebraically closed field of characteristic 0 is of
Frobenius type, then the class C of all semisimple Hopf algebras is a closed
class of Frobenius type, so our result may be applied to C.

Remark 3.6. If G is a finite group, Schur’s result admits the following
improvement (Ito’s Theorem, see [2]): Let K be any abelian normal
subgroup of G, then the degrees of the irreducible representation of G
divide [G : K]. So it is natural to ask: If H belongs to a closed class of
Frobenius type and K is commutative and cocommutative normal Hopf
subalgebra of H, are the dimensions of the irreducible H modules divisors
of [H: K]?

ACKNOWLEDGMENTS

I thank Florin Panaite and Nicolae C. Bonciocat for some useful
discussions during the writing of this paper.

Copyright © Marcel Dekker, Inc. All rights reserved.

MaRcEL DEKKER, INC. ﬂ
270 Madison Avenue, New York, New York 10016 o



11: 07 8 January 2010

Downl oaded At :

442

10.
11.

ORDER | _=*_[Il REPRINTS

STAIC
REFERENCES

Andruskiewitsch, N. Notes on Extensions of Hopf Algebras. Can. J.
Math. 1996, 48, 3—42.

Curtis, C.W.; Reiner, 1. Representation Theory of Finite Groups and
Associative Algebras; Interscience Publishers: New York, 1962.
Etingof, P.; Gelaki, S. Some Properties of Finite-dimensional Semi-
simple Hopf Algebras. Math. Res. Lett. 1998, 5 (1-2), 191—197.
Kaplansky, 1. Bialgebras; University of Chicago, 1975.

Larson, R.G. Characters of Hopf Algebras. J. of Algebra 1971, 17,
352—-368.

Montgomery, S. Hopf Algebras and their Actions on Rings; American
Mathematical Society: Providence, 1993.

Montgomery, S.; Witherspoon, S.J. Irreducible Representations of
Crossed Products. J. Pure. Appl. Algebra 1998, 129 (3), 315-326.
Serre, J.P. Representations Lineaires des Groupes Finis; Hermann:
Paris, 1967.

Staic, M.D. Pseudo-Quasitriangular Subbialgebras, 1999, preprint.
Sweedler, M.E. Hopf Algebras; Benjamin: New York, 1969.

Zhu, Y. Hopf Algebras of Prime Dimension. International Math. Res.
Notices 1994, 1, 53—59.

Received July 2000
Revised November 2000

Copyright © Marcel Dekker, Inc. All rights reserved.

MaRcEL DEKKER, INC. m
270 Madison Avenue, New York, New York 10016 o



Downl oaded At: 11:07 8 January 2010

Request Permission or Order Reprints|nstantly!

Interested in copying and sharing this article? In most cases, U.S. Copyright
Law requires that you get permission from the article’ s rightsholder before
using copyrighted content.

All information and materials found in this article, including but not limited
to text, trademarks, patents, logos, graphics and images (the "Materials"), are
the copyrighted works and other forms of intellectual property of Marcel
Dekker, Inc., or itslicensors. All rights not expressly granted are reserved.

Get permission to lawfully reproduce and distribute the Materials or order
reprints quickly and painlessly. Simply click on the "Request
Permission/Reprints Here" link below and follow the instructions. Visit the
U.S. Copyright Office for information on Fair Use limitations of U.S.,

copyright law. Please refer to The Association of American Publishers
(AAP) website for guidelines on Fair Use in the Classroom.

The Materials are for your personal use only and cannot be reformatted,
reposted, resold or distributed by electronic means or otherwise without
permission from Marcel Dekker, Inc. Marcel Dekker, Inc. grants you the
limited right to display the Materials only on your personal computer or
personal wireless device, and to copy and download single copies of such
Materials provided that any copyright, trademark or other notice appearing
on such Materialsis also retained by, displayed, copied or downloaded as
part of the Materials and is not removed or obscured, and provided you do
not edit, modify, alter or enhance the Materials. Please refer to our Website

User Agreement for more details.

Order now!

Reprints of this article can also be ordered at

http://www.dekker.com/servlet/product/DOI/101081A GB 120006501


http://www.copyright.gov/fls/fl102.html
http://www.publishers.org/conference/copyguide.cfm
http://www.dekker.com/misc/useragreement.jsp
http://www.dekker.com/misc/useragreement.jsp
http://s100.copyright.com/AppDispatchServlet?authorPreorderIndicator=N&pdfSource=Dekker&publication=AGB&title=ON+THE+DIMENSION+OF+THE+IRREDUCIBLE+MODULES+FOR+SEMISIMPLE+HOPF+ALGEBRAS&offerIDValue=18&volumeNum=30&startPage=437&isn=0092-7872&chapterNum=&publicationDate=01%2F28%2F2002&endPage=442&contentID=10.1081%2FAGB-120006501&issueNum=1&colorPagesNum=0&pdfStampDate=07%2F28%2F2003+09%3A44%3A33&publisherName=dekker&orderBeanReset=true&author=Mihai+D.+Staic&mac=0ppiSzGqjm$SDZZE3VqSKw--

