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ABSTRACT 

This paper elaborates on earlier contributions of Bross (1985) and 

Millard (1987) who point out that when conducting conventional hypothe- 

sis tests in order to "prove" environmental hazard or environmental safety, 

unrealistically large sample sizes are required to achieve acceptable power 

with customarily-used values of Type I error probability. These authors 

also note that "proof of safety" typically requires much larger sample sizes 

than "proof of hazard". When the sample has yet to be selected and it 

is feared that the sample size will be insufficient to conduct a reasonable 
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3558 HOLLAND AND ORDOUKHANI 

"proof of safetyn, we recommend that consideration be given to equat- 

ing Type I and Type I1 error probabilities at  somewhat higher than the 

habitually-used levels in the "proof of hazardn test in order to reduce 

sample size requirements to attainable levels. To assist in the implemen- 

tation of this approach, several charts that display the possible tradeoffs 

among the various decision quantities are given. The ideas and sugges- 

tions presented here apply as well in many areas of application aside from 

environmental health. 

1. INTRODUCTION 

Bross (1985) and Millard (1987a) indicate that when monitoring for 

environmental safety, hypothesis tests undertaken to "proven either safety 

or hazard require unrealistically large sample sizes to achieve acceptable 

power of tests at  customarily-used levels of a. They also point out that 

"proof of safetyn requires far larger sample sizes than does "proof of haz- 

ard". Unfortuntely, in the context of environmental testing, small sample 

sizes are the rule rather than the exception, and often insufficient attention 

is given to the power of tests (Bross (1985), Millard (198713)). 

In this paper, we provide a brief discussion of the reason for the 

asymmetry between "proof of safetyn and "proof of hazard*. Then we 

consider the situation where the sample has not yet been selected and 

there is concern whether it will be possible to obtain a sample of adequate 

size to conduct a defensible "proof of safety". Here we propose that serious 

consideration routinely be given to the option to balance the competing 

interests involved with moderate-sized samples by equating Type I and 
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TYPE I AND TYPE I1 ERROR PROBABILITIES 3559 

Type I1 error probabilities at  values greater than the habitual 0.05 level. 

Formulas which display the relationships among the decision quantities 

involved are supplied, and charts are provided in order to display explicitly 

the available tradeoffs. 

Definitions and notation will be presented in Section 2. Some dis- 

cussion of Type I and Type I1 errors in terms of safety and hazard in the 

present setting is presented in Section 3. Details of our suggested approach 

for determining sample size follow in Section 4. As in the earlier papers, 

our presentation will be couched in terms of testing for environmental 

safety, but we note in Section 5 that similar problems and remedies occur 

in many other important areas of application. 

Throughout this paper, we put quotes around the word "proof" to 

emphasize that the results of a hypothesis test constitute evidence in favor 

of one hypothesis or its competitor, as opposed to proof in any formal 

sense. 

2. NOTATION AND DEFINITIONS 

We retain the notation and problem setting used in Bross (1985) 

and Millard (1987a) where for a stable population at  risk, interest lies 

in comparing the true unknown probability pl of death at  a site before 

some "eventn with the probability p2 of death at  the site following the 

event, assuming equal time intervals before and after. If pl exceeds pl, 

the site is said to be hazardous; otherwise, the site is referred to as safe. 

However, inference proceeds in terms of the parameter 0 = (p2 - pl)/pl,  
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3560 HOLLAND AND ORDOUKHANI 

the relative increase in deaths following the event. As usual, a! will denote 

the maximum probability of committing a Type I error, while /3, which 

depends on 8 ,  is the probability of committing a Type I1 error. 

Bross (1985) takes as his definition of "site is safen the condition 8 5 A 

and conversely defines "site is hazardousn to be the contrary statement 

13 > A. Here A is selected to be some small fractional allowance; Bross 

uses A = 0.1 and we will also examine below the choice A = 0. 

Let x be the number of deaths before the event, y the number of 

deaths after the event, and z = x + y. Bross's test statistic is 

which he shows to be approximately standard normal when 8 = A. 

3. TYPE I AND TYPE 11 ERRORS 

There are two ways to undertake to decide between "site is safen 

and "site is hazardousn. The first procedure, labeled "proof of hazard," 

constructs the null hypothesis Ho : I9 5 A (i.e., the site is safe) us the 

alternative hypothesis Ha : I9 > A (i.e., the site is hazardous). Then one 

rejects "site is safen in favor of "site is hazardousn at level of significance a! 

if 5 -z,, where z, is the 100(1- a)th percentage point of the standard 

normal distribution. With this test, a Type I error is to state that the site 

is hazardous when in fact it is safe and a Type I1 error is to state that the 

site is safe when in fact it is hazardous. 
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TYPE I AND TYPE I1 ERROR PROBABILITIES 3561 

The second procedure, labeled "proof of safety," sets up the null hy- 

pothesis Ho : 6 > A (i.e., the site is hazardous) us the alternative hypoth- 

esis Ha : 6 5 A (i.e., the site is safe). Here one rejects "site is hazardous" 

in favor of "site is safen a t  level a if $ >_ z,. Now, a Type I error is to  

declare that the site is safe when it actually is hazardous, while a Type I1 

error is to declare that the site is hazardous when in fact it is safe. 

The inherent imbalance between "proof of safety" and "proof of haz- 

ard" arises from the fact that conventional hypothesis testing procedures 

are chosen to minimize Type I1 error probability subject to controlling 

Type I error probability (under a null hypothesis) at an arbitrarily desig- 

nated tolerance a, and as a result, Type I error is implicitly being regarded 

as more serious and more worthy of control than Type I1 error. However, 

from the point of view of interested parties who would view Type I1 error 

as more serious than Type I error, the test as conducted would seem un- 

fair and misleading. [Other statistical decision procedures (e.g., Bayesian) 

often can alternatively be used, but these have their own arbitrary as- 

pects.] The essential point here is that those who are inclined to view the 

declpration that the site is hazardous when it is actually safe as a more 

serious error than saying the site is safe when it actually is hazardous 

(e.g., alleged polluters) would naturally prefer to test via "proof of haz- 

ard", while those who would regard the determination that the site is safe 

when in fact it is hazardous as a more serious error than claiming the site 

is hazardous when in fact it is safe (e.g., persons residing close to  a site of 

alleged pollution) would tend to prefer testing with 'proof of safety". 
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3562 HOLLAND AND ORDOUKHANI 

Now suppose that a researcher who is truly concerned about control- 

ling both errors plans to collect sample data but fears that it will not 

be possible to select a sample of adequate size to undertake a "proof of 

safety". Is the researcher stuck, or can a "minimally acceptable" sample 

size nevertheless be determined? We propose that the researcher under- 

take one of the testing procedures, say "proof of hazard", in such a way 

that, apart from the allowance factor A, "proof of safety" and "proof of 

hazard" are made equally difficult. This proposal, introduced in the next 

Section, gives an uncommon amount of consideration to the control of 

Type I1 errors. In addition, some thought should be given as to what 

constitutes a reasonable choice for the allowance factor, A. 

4. EQUATING TYPE I AND TYPE I1 ERROR 
PROBABILITIES IN THE "PROOF OF HAZARDn 

Millard (1987a) shows that for the above "proof of hazard," 

where /3 is the probability of Type I1 error corresponding to 0, for 8 > A. 

Suppose we equate a and P ,  and henceforth refer to this common 

quantity as the joint error probability. In doing so, we do not claim that 

the errors are literally equally serious. Instead, we feel that both need to 

be under control, and the sample size resulting from application of our 

proposal will give more needed control over Type I1 error than would a 

"proof of hazardn using the automatic a = 0.05. 
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TYPE I AND TYPE I1 ERROR PROBABILITIES 3563 

 from a = /3 we have z, = zp, and (4.1) may be restated in various 

ways: 

with a(.) the standard normal cumulative distribution function. 

Equations (4.2)-(4.4) are alternate representations of the menu of 

choices involving the sample size z ,  the joint error probability a, the al- 

lowance A, and the true value of parameter 0 under Ha. We propose to 

use them in order to assess whether a suggested sample size and desired 

joint error probability are compatible. 

The use of a nonzero value of A in our formulation allows the in- 

vestigator to regard as unequally serious the Type I and Type I1 errors 

in the "proof of hazard" discussed in Section 3 by making it possible to 

declare a site is safe when there are actually 100A% excess deaths. Thus 

the selection of a value for A may be a political matter reflecting one's 

attitude toward these two errors. Bross (1985) states that "there is gen- 

eral agreement that A should be a small fractionn and suggests the choice 

A = 0.1; i.e., an excess of deaths following the event of only 10% or less 

is not suggestive of hazard. We will examine this value of A and also the D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
2
3
:
3
9
 
7
 
J
a
n
u
a
r
y
 
2
0
1
0



3564 HOLLAND AND ORDOUKHANI 

choice A = 0, which errs on the side of overcautiousness in claiming that 

any excess of deaths is suggestive of hazard. Other values of A could also 

be considered, but since even 10% excess deaths seems to us to provide 

plenty of margin for error to advocates of proof of hazard, we will not 

consider A > 0.1. 

We do not envision the use of (4.2)-(4.4) with a single pair of values 

(a, B) because researchers are interested in how well errors are controlled 

for a variety of possible values of relative increase in deaths, 8. Sample 

size determination should proceed from examination of what is possible 

for a few or several selections of (a,B). To facilitate this, we present, in 

Figures 1 and 2 for A = 0.1 and A = 0 respectively, two-dimensional 

depictions of the interrelationships among z, a, and 8. The researcher 

can determine from Figure l a  or 2a which is the northeast-most curve 

that is consistent with his or her views concerning various a and 8 .  If the 

researcher wishes to concentrate on a particular fixed 8 ,  Figures l b  or 2b 

may be more useful. 

For A = 0.1, Figure l a  presents contours of constant z 5 150 for 

0 < a < .20 and 0.3 < B < 2.3, and Figure l b  contains contours of 

constant 0 for 0 < cr < .20 and z < 200. Conclusions such as the following 

emerge from these charts. We can control a = p = 0.10 at  8 > 0.90 

with z 5 100. But if we are willing to accept a = /3 = 0.20, this can be 

attained at  B 2 0.60 with z 5 100; that is, if we can increase the joint 

error probability to 0.20, this can be achieved with a sample of only 100 

cases when there are truly 60% excess deaths. In order to equate cr and 

,B when there are actually 100% excess deaths (i.e., 8 = 1.0), we can test 

with only 80 cases and get a = P = 0.10 or under 40 cases if a = /3 = 0.20. 
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H 
Figure 2 .  The interrelationship among joint error probability ( a ) , sample size ( 2 )  and true relative 

increase in death rate ( 8 ) for allowance A=O. 
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TYPE I AND TYPE I1 ERROR PROBABILITIES 3567 

We now consider the choice A = 0. As compared with A = 0.1, for 

a given value of a we can reduce somewhat either the sample size z or 

the true value of the relative change in deaths 8, or both. The following 

are illustrations of the type of information conveyed by figures 2a and 2b 

for A = 0. We can have a = p = 0.10 at  8 2 0.70 with z 5 100, or 

a = p = 0.20 at 8 2 0.50 with z at  most only 75. To equate a and P when 

there are actually 100% excess deaths (8 = 1.0), we can have a = 0.10 

with only 60 cases or a = 0.20 with only about 25 cases. 

These examples are consistent with the contentions of Bross and Mil- 

lard that the sample size requirements are somewhat insensitive to the 

choice of A. 

Many advocates of "proof of safety" would find any A > 0 unpalat- 

able. Another way to regard the two errors asymmetrically would be to 

set p - a = 6 for some given 6 # 0 (rather than 6 = 0 as in Section 4). 

Then replacing with a + 6 in (4.1), we have 

Clearly, this relationship could be displayed in the manner of two- 

dimensional Figures 1 and 2 except that now two of the five quantities 

z,  a, 6,8, and A need to be fixed in each figure. Explicit solution of (4.5) 

for a appears to be difficult, but numerical solution would present no 

problem. 
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5. DISCUSSION 

HOLLAND AND ORDOUKHANI 

In some instances it may happen that the use of these or similar 

charts will suggest an impossibly large sample size unless the investigator 

is only willing to protect against an unrealistically large 8.  In such cases, 

our approach would be unhelpful, and one can only bemoan the impossi- 

bility of a larger sample. Nevertheless, there will be other circumstances 

where by raising Type I error tolerance, researchers will be able to have 

adequate protection against Type I1 errors for modest true alternatives 

with attainably small sample sizes. In any event, it is hoped that when 

performing hypothesis tests concerning environmental safety (and in other 

applications as well), the uncritical use of the a = 0.05 standard will cease 

to be automatic. Other investigators have also advocated consideration of 

a > 0.05 in environmental testing contexts; see, for example, the use of 

a = 0.10 in Bross (19851, Millard (1987b), and Stoline and Cook (1986). 

We feel that on rare occasions, even a > 0.10 may be worth considering. 

Inadequate attention to Type I1 error is not limited to questions of 

safety or hazard. It occurs any time the outcome of a hypothesis test is 

of interest to each of two organizations or groups of people with opposing 

views (such as regulators us regulated entity, management us labor, candi- 

dates for public office, competing firms, etc.), when sample sizes are small 

and there is uncritical insistence on a = 0.05 or 0.01. As a result, there 

typically is excessive control of the error of declaring that an alternative 

hypothesis statement such as "the innovation (insurgent interest) (change) 

is better" when in fact this is not the case, at the cost of little or insuffi- 

cient control of the error of supporting a null hypothesis 'statement such 
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TYPE I AND TYPE I1 ERROR PROBABILITIES 3569 

as "the standard (vested interest) (status quo) is better" when truthfully 

that is not so. This tendency stifles innovation. 

Whenever it is deemed desirable to balance the chances of incorrectly 

finding for the null hypothesis statement with the chances of incorrectly 

supporting the alternative hypothesis statement, unless the investigator is 

in the unusual luxurious situation of an overabundance of sample obser- 

vations, serious consideration should be given to the abandonment of the 

a = 0.05 standard. Increasing this tolerance to 0.10 or possibly somewhat 

higher will always reduce ,8 for all values of the alternative, and it seems to 

us that this is appropriate and defensible in many applications with small 

samples. The precise relationships between sample size, error probabilities 

and true parameter values will vary with the application, but equations 

and charts analogous to those presented in the previous Section can be 

easily developed. 
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