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DISCRETIZATION PRINCIPLES FOR LINEAR TWO-POINT
BOUNDARY VALUE PROBLEMS, II

Tetsuro Yamamoto,' Shin’ichi Oishi,' and Qing Fang?

! School of Science and Engineering, Waseda University, Tokyo, Japan
2Department of Mathematical Sciences, Faculty of Science, Yamagata University,
Yamagata, Japan

O  Consider the boundary wvalue problem Fu=—(pu') +qu'+ru=f, a=<x=Db,
u(a) = u(b) =0. Let HAU=1f and A U=1f be its finite difference equatzons and
piecewise linear finite element equatwns on partitions A, :a=x5 <x <---<x =D,
v=1L12,... with h} =x] —x]_, h‘—maxh‘—>0 as v— oo, where H, are n, X n,
dmgonal matrices and A, as well as A are n, X n, tridiagonal. It is shown that the following
three conditions are equivalent: (i) The boundary value problem has a unique solution
uwe C?[a,b]. (ii) For sufficiently large v > v, the inverse A; = (g ) exists and IgJI <M,
Vi,j with a constant M > 0 independent of 1. (i) For sufficiently large v > Vo, A" = (g})
exists and |g |< M, Vi ,J with a constant M >0 independent of h*. It is also shown by a
numerical anm;blp that the finite difference method with uniform nodes x; 1 = x; + h, 0 <i <mn,
h=(b—a)/(n+1) applied to the boundary value problem with no solution gives a ghost
solution for every n.

Keywords Discretization principles; Finite difference methods; Finite element
methods; Two-point boundary value problems.

AMS Subject Classification 65L.10; 651.12; 65L60.

1. INTRODUCTION

According to Carasso [1], we consider the non-self-adjoint boundary
value problem

d du du
iﬁu:—a(ﬁ(@a)+f](x)a+7’(x)“=f(x)’ a<x=<b, (1.1)

ue€ P ={uec Ca,bl|ula) = u(b) =0}
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where p(x) € C'[a, b], p(x) > p« > 0 with a constant p,, ¢(x),r(x), f(x) €
Cla, b], but the sign of r(x) may be indefinite.

Then the standard finite difference method (FDM) for solving (1.1)
on not necessarily uniform nodes

Ata=xg<x <- <X =b, h=x—x_, h=maxh (1.2)
is
1 Ui — U U, — U
LiU=——|pga———p ——
@; 2 hip : hi
+ Uy = U 40U = l<i<n, 19
2(,Ul'
U= U1 =0,

1 1
where w; = 5(hi + hit1), Xyl = 5 (% + xi11), l’i+% = P(XH%), g = q(x;),
r, =7r(x;), fi=f(x;) and U, denote approximations of exact values
w, = u(x;), 1 <i<n.
The equations (1.3) are written in a matrix-vector form

HAU = f, (1.4)

where H = diag(w; ", ..., ;')

% Po 7o
A= .
Up—1 ﬂn—l Vn—l
% P
with o= — -p, 1 =3¢ 2=<i<n), fi=p_1+ 5Py tro; 1<i<n),

yi=—popbrt36(1<i<n—1),U=(U,...,U0) and f = (f,.... )"
The matrix A is called a finite difference matrix.

On the other hand, the Galerkin finite element method (FEM), which
uses piecewise linear functions

Z(X — Xi_1) (%21 < x < x;),
£; = 1
() — (X1 — %) (% < x < Xiq1),
hiy1

0 (otherwise), 1<i<mn
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on the nodes (1.2), solves a system of linear equations
AU =1, (1.5)

where

with &; = [€,4, £,], ,&' =[€;, 41, 9i = [lit1, 4],

b
U=(0,...,0)" and f=(f,.... )"

b
js=<f,ei>=/ f(x)(x)dx, 1<i<n.

The solution U of (1.5) determines the piecewise linear Galerkin finite
element solution u,(x) = Z] | UZ (x), and the matrix A is called a finite
element matrix.

In a previous paper [5], the first author of this paper proved the
following two theorems:

Theorem 1.1 (A Discretization Principle for FDM). Let the problem (1.1)
have a unique solution u € C?[a, b]. Then:

(i)  The finite difference matrix A is nonsingular for sufficiently small h >
0, that is, for any h < hy with an appropriate constant hy > 0, so that the linear
system (1.4) has a unique solution U for any h < hy.

(ii) Leth < hy and A" = (G;) Then there exist positive constants M and
C, independent of h such that

‘G? =M, } i+1,j Gle| Mhir, | z]+1 - Gz;l = Mh j+1s Vl’]
and
o(1) (u e Ca, b)),

max |G} — G(x;, )| <
bl ‘ Clh = O(h) (u € CZ] [d, b])’
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where G(x, &) denotes the Green function for (£,%) and o(1) means o(1) — 0 as
h — 0 and we observe that u € C*'[a, b] if p € C"'[a,bl, q,r,[ € C"'[a, b].

(iii)  The ervor estimates
max|u; — Ul
o(1) (u € Cla, b)),
< 1Gh=00) (ueC[ab),peC"[a,], g feCa,b],
Gh* = O(h*) (ue C*'[a,b),pe C*'[a,b],q,7,f € C'[a, b))
hold, where Cy and Cg are appropriate positive constants independent of h.

Theorem 1.2 (A Discretization Principle for FEM). Assume that (1.1) has
a unique solution u € C*'[a, b]. Then:

(i) The finite element matrix A is nonsingular for sufficiently small h > 0, that
is, for any h < ho with an appropriate constant ho > 0.

(ii) Let h < ho and Al= (G”) Then there exist positive constants M and 01
independent of h such that

G| <M, |Gh,;—Gl| < Mh,, |Gl — Gl < Mhy,, Vi,
and
max |G} — G(x;, %)| < Gih = O(h). (1.6)
2]
(iii) Error estimate
max|w; — U] < Gh® = O(h?) (1.7)

holds, where Cs is a positive constant independent of h.
Remark 1.1. An inspection of the proof of Theorem 1.2 in [5] shows
that, if u € C*[a,b], then Theorem 1.2 holds by replacing (1.6) and
(1.7) by
max |G} — G(x;, x)| = o(1) (1.6)
ij
and

max|u; — Uj| < Goh = O(h), (1.7)

repectively, where G, is a positive constant independent of 4.
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In this paper, we shall prove a variant of the above discretization
principles. To state it, consider an infinite sequence of partitions
Av:a=x3<x{'<--~<x;;v+1=b, v=1,2,3,... (1.8)
such that A = x} — x |, »’ = max;h — 0 as v — 0o. We denote by A, and
A, the corresponding finite difference and finite element matrices. Then
the following result holds.

Theorem 1.3.  The following three conditions are equivalent.

(i) The problem (1.1) has a unique solution u € C?[a, b].

(ii) The matrix A, is nonsingular for sufficiently large v, that is, for any v > vy
with an appropriate positive integer vy. Let A" = (g7), v = vo. (We use the
notation g; in place of Gl.]}?'v .) Then there exists a constant M > 0 independent
of b such thaz‘ lgil= M, Vi,j.

(iii) The matrix A‘ s nonsmgular for any v > %y, where ¥ is an appropriate
posmve integer. Let v >V, and A ! (gU) Then there exists a constant
M >0 independent of h* such that |gl | < M, Vi,j.

A proof of this theorem will be given in Section 2. Furthermore, in
Section 3, it will be shown by a numerical example that the uniformly
bounded conditions |gi| < M, Vi,j and [g;| < M, Vi ,J are necessary in
(ii) and (iii) of Theorem 1.3. Tt is also shown that finite difference and
finite element solutions on equidistant nodes for this example give ghost
solutions.

2. PROOF OF THEOREM 1.4

In the following, for u € Cla,b], we use the notation ||ullj,,; =
max,<,<p| u(x)|.

In order to prove the equivalence of (i) and (ii), it suffices to show
that (ii) implies (i) as Theorem 1.1 is already known. We first remark that
the problem (1.1) has a unique solution u € C?[a,b] if and only if the
map &£ : 9 — C([a, b] is injective. Hence suppose, on the contrary, that &£ is
not injective under the condition (ii). Then, (£, %) has a zero eigenvalue
and its corresponding eigenfunction v = v(x). We then have Zv =0,
v(a) = v(b) =0 and v'(a)v'(b) # 0. (In fact, if v'(a)v'(b) =0, then Lv =
0 and v(a) = v'(a) =0 or v(b) = v'(b) =0. This implies v =0 in [a,d],
which contradicts that v is an eigenfunction.) Hence the functions ¢(x) =

—L_u(x) and Y(x) = -~ v(x) are solutions of the initial value problems

v( ) v(b)

Fu=0 (a<x<b), ula)=0, u(a)=1 (2.1)
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and
Fu=0 (a<x<b), ub) =0, U =-1, (2.2)
respectively.
Let x“+1 =3 +x7), o ——Fp(x 1) sq(x)), Pl= (Z‘é)-l-
,% (! 2)—H(x !, ——% (’%‘Q) Zq(x,”) 1<i<mn, V—1,2,..-,

where ] = (b + h!,;)/2. Then the finite difference matrices A, corres-
ponding with the partitions (1.8) are

Bl m
ay By vy

y

v v
ocnvfl ﬂrz\rfl ’ynvfl

%, B,
Define two sequences {®!} and {V¥}} by

®; =0, O} =n,

1, o . (2.3)
P! =———(o_ P, +p_ D), i=23,...,nm+]
i—1
and
V=0, W =0y,
(2.4)

1 )
v = _o("_( i+ y¥+1q’1‘+2) i=n—1Ln-2...0,

i+1

respectively. Let 0! = Lpo(x}) = Lpo(x}) — Lo(x)) = L (e(x)) — ®!), 1) =
Lpy(x!) = Lpy(x)) — LY(x)) = L;(lp(x}') — ‘lfl‘), ¢ = (ay,..., U:Lv)t and
=(1],..., r;;v)‘. Then, for sufficiently small A,

16" < o(1) (¢ € C*[a,b])
TGk =0) (¢ € C*a,b]),

¥l < o(1) () € C?[a, b])
TG =00 (e CPa, b)),

where C; and G; are appropriate positive constants independent of A’.
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We then have from the proof of Lemma 2.1 in [5] that

max|P! — ¢(x))| <k,
12

o, o 1 1 (2.5)

max N —@(x))] < EK + §h l@" [l a0

and
m?x|\l’; —y(x) =k,
max | ZL 2| < 27 S, =
i D=t e
where
o(1) (¢ € C*[a, b])

K < Gh'+ Gllo'|e < ,
(G + G- Coh' = O(h") (¢ € C*'[a,b])

and

o(1) (¥ € C*[a, b))

K < C hv+ v oo S
K= (g C()”T ” [(C8 + Cg . CB)hv — O(h") (lp = Cg’l[a, b])

with appropriate positive constants Ge—Cy.
Furthermore, from the proof of Lemma 3.1 in [5], we have for v > v,

1
— OV (i <)),
) V‘G‘v t ] ( ])
=11 (2.7)
~—O'V (i >9),
VV;'V J ot ( _])
where
ey i P
V‘G Eaj v v - _(p(xjg)—i_gq(xj)]%) q).;_(bl‘j—l ‘I,.ly_quy—l (28)
(I)], \PJ h! n¥

It now follows from (2.5)-(2.8) that, putting &, = max(%’, ||6"] .,
7"]loc), we have

e(x)  P(x)
@'(x)  Y(x)
= 0(s,) > 0 (2.9)

W= —p(x))

J J

+ O(h") + O([[6"]l) + O(lI7"[|0)




22:31 4 January 2010

Downl oaded At:

220 T. Yamamoto et al.

as v — 00, because the determinant vanishes. Let
max [o(x!)| = [0(x},)].

1<i<ny

Then we have
, 1
lo(x)| > §“U”[a,b] >0

for sufficiently large v. Hence

) D Wy
| e | =’ ﬁfk‘(v
() + O(R") + O(lle” o) | W (x) + O(R") + Ol [|0) |
B Wl
__! { e O(SV)}
[ Wil LIv(a)v'(b)]

1 1 1 2
> 4MM)+Om4+m
IM&WWMMQ ?!

as v — 00. This contradicts the assumption that [g;| < MVi, j for v = v, with
a positive constant M independent of A'. We thus conclude that (%, %)
is injective and the problem (1.1) has a unique solution u € C*[a, b]. This
completes the proof of the equivalence of (i) and (ii). Similarly, we can
prove the equivalence of (i) and (iii) (cf. Remark 1.1). This proves the
theorem.

Corollary 2.1. Consider the uniform nodes

b—a

x;x=a+th, :=012,...,n+1, h=
n+1

and the corresponding finite difference and finite element matrices A and A. Then
the following three conditions arve equivalent.

(i) The problem (1.1) has a unique solution u € C?[a, b].
(i) A is nonsingular for sufficiently small h < hy. Let h < hy and A~" = (G}).
Then there exists a constant M > 0 independent of h such that |Gl.’;| <M
Vi, j. ‘
(iii) A is nonsingular for sufficiently small h < hy. Let h < hy and A7l = (Gl.]}.‘).
Then there exists a constant M > 0 independent of h > 0 such that IGij.”I <M
Vi, .
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3. A NUMERICAL EXAMPLE

To illustrate our results, we consider the following problem

d2
Sﬁu————u:—l, 0<x<m,
dx? (3.1)
u€ P ={ue C0,n]| u(0) = u(n) = 0},
which has no solution in 9. Then the finite difference matrix A
corresponding with the uniform nodes x; =i, 0 < i <n+1, h = 25 is
2 -1
-1 2 -1
1
A= 7 — Wl (n X m matrix), (3.2)
-1 2 -1
-1 2
where I denotes the n x n identity. The eigenvalues 4;, j =1,2,...,n of A

are given by

4 ) ) )
ij:—sinzL—h:h gsin]—h—i—l gsin]—h— .
h 2(n+1) h 2 h 2

We have 4; # 0 Vj, because

ih h
Zanlty150 vi=1, Zsnt_1<0
o2 2
and for j > 2
gsin]——lz—sm——l
h
1
:%{h—g(hﬁ)s}—l 0<0<1)
1, 17\
>1—-hr*>1-—-(Z) >o.
3 3\ 2

Hence the n x n matrix A is nonsingular for any »n > 1. Similarly, we can
also prove that the finite element matrix A is nonsingular for any n > 1.
Therefore, by Corollary 2.1, max;, J|Gh| and max; ]|Gh| would diverge as

n— oo or h= ? — 0.
Furthermore, the piecewise linear polynomial U,(x) =", Uil;(x),
where U = (U}, ..., U,)" is the solution of the linear system (1.4) with the

matrix A defined by (3.2), and the vector f = (—1,—-1,...,—-1) € R" is
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TABLE 1 Behavior of maxi,j\(;g\, maxi,j|61§f|, and ||U||ec.

n h= 5 max;; |Gf| max; ;|G| Ul
10 2.8560e — 01 9.1987e + 01 9.2932¢ + 01 1.8469¢ + 02
100 3.1105e — 02 7.8942¢ + 03 7.8952¢ 4 03 1.5789%¢ + 04
1000 3.1385e — 03 7.7558e + 05 7.7559¢ + 05 1.5512e + 06
5000 6.2819e — 04 1.9236e + 07 1.9432e + 07 3.8468e + 07

approximately of the form ¢, sin x, where ¢, is a constant such that |¢,| — 00
as h — 0. To prove this, we first remark that in this example, u = sin x
is the solution of both initial value problems (2.1) and (2.2) so that in
the proof of Theorem 1.3, we have ¢(x) = y(x) =sinx € C*[0,n] and
6" lo = I7"]lc = O(h?) as nodes are uniform. Furthermore, writing ®;, ¥;
in place of ®!, ¥ in (2.5) and (2.6), we have

®, — o(x) = h —sinh = O(h®)
and
W, —Y(x,) = h—sinnh = h —sin h = O(h®)
so that k and K in (2.5) and (2.6) can be replaced by k = O(h?) +

O(||6]lo) = O(h?) and & = O(h?) + O(||It]l) = O(h?), respectively (cf. the
proof of Lemma 2.1 in [5]). It now follows from (2.5)-(2.7) that

Y

1
G = W(sin X+ O(h*))(sinx; + O(h*)) Vi, j
1
because ﬁ/, =W Vj (cf. the proof of Lemma 3.1 in [5]). Hence

n h n
U=h) Gif= —W](sin X+ O(h*)) Y (sin x; + O(h*))
j=1 j=1

= ¢,(sin x; + O(h?)) = ¢, sin x;,

where

o =—= Y (sinx; + O(h*)
i

W

L (sin 2 15Y)
{ : isin(n+ ) —I—O(h)}
sin § 2

——i( : cosﬁ+0(h2)) = O(h™%) (3.3)
W sing 2 N ’ ’
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=100

=120

-140f

-160-

-180

-200 L L L L L L

FIGURE 1 U,(x) (n =10,k =mn/11).

because we have W = —1(®)W¥; — &, %) = W, = (0) + O(h?) = O(h?).
We thus obtain |¢,| = O(h™?) — oo as h— 0.

The values of maxl-,lei;.‘l, maxi,le,;fl and ||U|l« for == 10,100,
1000, 5000 are shown in Table 1.

Graphs of U,(x) for n =10 and 1000 are shown in Figures 1 and 2,
which may be considered ghost solutions.

-2}

-6}

-8t

-16 L L L 1 L L
0 0.5 1 15 2 25 3 3.5

FIGURE 2 U (x) (n = 1000, 2 = 7/1001).
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Similar results are also obtained for FEM. Existence of such ghost
solutions implies that a verification of solution is necessary in numerical
computation.

Finally, we remark that, if the problem (1.1) has no solution and if it
is solved by FDM and FEM, then ghost solutions as in the above example
appear. The proof will be done by the same analysis.
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